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1.1 Definitions and Examples 


Def. Ring : A non-empty set R is said to be a ring with respect to two operations denoted by * +’ 


9 


and ‘ -’ called addition and multiplication respectively if it satisfies the following axioms : 
(i) Addition is closed: a+beR forall a,beR. 
(ii) Addition is associative: (a+b)+c=a+(b+c) forall a,b,ceR. 
(111) Existence of additive identity : There exists an element denoted by Oe R_ such that 
a+0=a=O0+a forall aeR. This element 0 is known as additive identity or zero element in R. 
(iv) Existence of additive inverse : For each ac R , there exists an element.be R such that 
a+b=0=b+a. This element b is called additive inverse or negative of @and is denoted by —a. 
(v) Addition is commutative: a+b=b+a forall a,beR. 
(vi) Multiplication is closed: a-beR forall a, beR. 
(vii) Multiplication is associative: a-(b-c)=(a-b)-c for alla, b, cEeR. 
(viii) Multiplication is distributive over addition : Forall,a,b,ceR 
a-(b+c)=a-b+a-c [Left distributivity] 
(a+b):c=a-ctb-c [Right distributivity] 
Then we write that (R, 4, -) is a ring. 
Remarks : 
(1) Out of eight properties of ring, it should be noted that first five properties are of addition , next two 
are of multiplication and last one is common i.e., it includes addition and multiplication both. 
(ii) First five properties of above definition of a ring says that every ring R is an abelian group under 
addition or additive abelian group. 


(iii) We usually denote a-b by ab. 


(ivy The ring R = {0} is called the trivial ring. 


Def. Zeroring : Let (R,+) be an additive abelian group. We define multiplication in R by a-b=0 
for all a,beR, then (R,+, -) becomes a ring which is called zero ring. Therefore, by an abelian group 


we can always form a ring. 


Def. Commutative ring : A ring in which a-b=b-a_ forall a,beR _ is called a commutative ring 


1e., a ring is said to be commutative if it is commutative w.r.t. multiplication. 


Def. Ring with unity : A ring R# {0} is said to be a ring with unity if it contains multiplicative 


identity i.e., there exists an element denoted by le R suchthat a-l=a=1l-a forall aeR. 

Def. Division ring or Skew-field : A ring R is said to be a division ring or skew-field if 

(i) Ris with unity ie. LER. 

(ii) Every non-zero element of R has a multiplicative inverse i.e., for every non-zero element ae R 
there exists an element be R such that a-b=b-a=1. We usually denote multiplicative inverse of 
aby a’. 

Def. Field : A commutative division ring is called a field. In other words, a commutative ring with 

unity in which every non-zero element has a multiplicative inverse is called a field. 

Remarks : 

(1) It should be noted that a field has total eleven properties , out of which five are of addition , five are 

of multiplication and one property is common. 

(11) A field is an abelian group under addition and non-zero elements of a field form an abelian 

group under multiplication. 

(111) Sometimes we write CRU in place of commutative ring with unity. 

(iv) A field has atleast two elements. 

Def. Zero divisor : A non-zero element ‘a’ of a ring R is called an zero divisor if there exists a 

non-zero element be R such that ab=0 or ba=0. 

Def. Ring with zero divisors : A ring which contains zero divisors is called a ring with zero divisors. 

Def. Ring without zero divisors ;,A ring in which no zero divisor exists is called a ring without zero 

divisors. OR 

A ring R is said to be without zero divisors if ab=0 => a=0 or b=0 

OR 

A ring is called.without zero divisors if product of any two non - zero elements is always non- zero. 

Def . Integral Domain : A commutative ring with unity and without zero divisors is called an integral 

domain. 

Remark + Some authors do not take unity in the definition of integral domain. For instance, Joseph A. 

Gallian takes unity in the definition of integral domain, while I.N. Herstein does not take unity in the 

definition of integral domain. 

Results : If R is a ring then for all a,b,c ER, we have 

l. atb=at+c > b=c 

Me, —(-a) =a 

3. The zero element of R is unique. 


4. The additive inverse of any element in R is unique. 
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. a(b-c) =ab—ac 
. (b-c)a=ba-ca 
. If is an integer then n(—a) =—(na) 
. Ifn is an integer then n(ab) =(na)b=a(nb) 
. If mand n are two integers then (ma)(nb) =(mn)(ab) 


Further, if R has a unity element 1, then 


. (-l)a=-a 


. (-1)(-1)=1 


. Unity is unique. 


. Multiplicative inverse of a non-zero element, if exists, is unique. 
Results : 
1. A commutative ring R with unity,is an integral domain iff cancellation laws holds in R. 
2. A division ring is always without zero divisors. 
3. A field is always without zero divisors. 
4. A field is always an integral domain. 
5. A ring with zero divisors‘cannot be an integral domain and field. 
6. Wedderburn’stheorem : 
(i) Every finite commutative ring without zero divisors is a field. 
(ii) Every finite integral domain is a field. But an infinite integral domain may or may not be a field. 


(11) Every finite division ring is a field. But an infinite divison ring may or may not be a field. 


Def. Unit : Let (R, +) be a ring with unity and ae R. Then, a is said to be unit element of R if there 


exists beR such that a-b=b-a=1. In other words, a non zero element of a ring which has 
multiplicative inverse is called a unit. 


Remark : Unity is always a unit but every unit is not a unity. 

Def. U(R) : The set of all units of a ring R is denoted by U(R). 

Def. Idempotent element : An element ‘a’ of a ring (R,+,-) is said to be idempotent if a-a=a 

1.e., a’ =a. 

Def. Boolean Ring : A ring (R,+,-) in which every element is an idempotent is calledja Boolean ring. 
Def. Nilpotent element : An element a of a ring (R,+,-) is said to be nilpotent if there exists a 
positive integer n such that a” =0. 

Def. Additive order of an element : Let R be a ring and ae R be“any element. The additive order of 
a is defined to be the smallest positive integer n (if exists) such that n-a=(. If no such positive 


integer exist then order of a is defined to be infinity. 


Def. Characteristic of a ring : The smallest positive integer such that n-a=O for all aeR is 
called the characteristic of a ring R. If no such positive integer exist then characteristic of R is said to 
be zero . 
Def. Direct product of rings : Let R,,R,,.....,R, be any rings then their direct product 

—_ {( GioGssi2ia) 1a, € R} iS a ring under componentwise addition and multiplication. 
Def. Polynomial Ring : Let R be a ring then the set 
Rix] = {ay +a,xX+a,x +é.+a,x":a, € R and n is a non — negative integer} forms a ring with respect to 


addition and multiplication of polynomials. 


Def. Polynomial ring in two variables : Let R be a ring then the set 


R[x. y| =R[ llyJ= {ay +a,y+a,y’ +...44, 9", e R[x] and n is anon — negative integer} forms a 


ring with respect to addition and multiplication of polynomials. 


Results : Let R be aring and R [x] be its polynomial ring then the following results hold : 
1. If Ris with unity then the polynomial ring R [x] is also with unity. 

2. If R is commutative, then the polynomial ring R[x] is also commutative. 

3. If R is without zero divisors then the polynomial ring R [x] is also without zero divisors. 
4. If R is with zero divisors then the polynomial ring R [x] is also with zero divisors. 


5. If R is an integral domain then the polynomial ring R [x] is also an integral domain. 
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6. If R is a field then the polynomial ring R [x] is never a field. 


7. The polynomial rings Z| i; Q(x], R[x], C[x], Z, [x] all are integral domain but not a field. 
Results on commutative ring : 


1. If R is commutative ring then (xy)? =x" y- VY x,yeR but the converse may not be true. 


0 
e.g., Let R= { ni € zh , then (R,+,-) is anon-commutative ring but (xy)? = xe Vx,yeER 


2. If Ris aring with unity and (xy)? = ry V x,yeR, then R is commutative. 
3. Any ring of prime order is commutative. 
4. Aring with unity and of order p- , where p is prime, is commutative. 
5. A Boolean ring is always commutative. 
Results on characteristic of a ring : 
. Ch (Z . ) =n. 
. Ch(M,,(Z,))=n 
. Ch(Z,, xZ,,)=lcm(m,n) 
. The additive order of each non zeroelement of an integral domain is same and is equal to the 
characteristic. 
. Let R be a ring with unity 1. If additive order of 1 is infinity then characteristic of R is O and if 


additive order of | is n then characteristic of R is n. 


. Characteristic of a finite,ring is always non-zero. 


. Characteristic of an infinite ring may be zero or non zero. e.g.Ch (Z, Q,R, C)=0 ,Ch (Z, [x]J=n 

. If characteristic/of a-ring is zero then the ring is infinite. 

. If characteristicof a ring is non zero then the ring may be finite or infinite. e.g., Z, and Z,, [ | , 
10, Characteristic of any integral domain (and hence of a field) is either zero or a prime number. 
11. Characteristic of a non-zero Boolean ring is always 2. 

Results : 
1. If F is a field then U(F)=F -{0}=F* 
2. U(Z,, xZ,,)=U (Z,,)xU (Z,) 


3. In an integral domain there are only two idempotent elements 0 and | and one nilpotent element 0. 


4. If ais an idempotent element in Z, then 1—a is also an idempotent element. 


5. Ifn is composite then Z, is with zero divisors and therefore not an integral domain and hence 
not a field. 


6. Z,, isa field iff p is prime. 


7. If d >1 is a positive integer such that d is not a perfect square, then Z(Nd ) ={a +bVd:a,be Z} 


is an integral domain but not a field. 
8. If d >1 is a positive integer which is not a perfect square then QwWvd ) ={a +bVd:a,b Q} is a field. 
9. If p is prime then Qafp ) is a field. 


10. Z, [i | is a field iff p is a prime of the form 4k +3, where k is a non-negative integer. 

11. Ina finite CRU every non-zero element is either a unit or a zero divisor. 

12. If n= p\'- p?----p* then the number of idempotent elements in\Z,, is 2” where r is the number of 
distinct prime factors of n. 

13. If n= p+ p?----p* then the number of nilpotent elementsin.Z, is p;"' - p} 


n 


P\* PoP 


Exercise 1.1 

. Which of the following are rings» Which of them are commutative, with unity, integral domain, 
division ring, field under usual addition and multiplication. Also find their units, characteristic, 
idempotent and nilpotent elements : 

(i) Z (ii) Q (iii) R (iv) C (v) 2Z 
(vi) Z(i) (vii) Z(V2) (viii) Q(v2) (ix) Q(i) 

. Which of the following are rings. Which of them are commutative, with unity, integral domain, 
divisionring, field under modulo addition and multiplication. Also find their units, characteristic, 
idempotent and nilpotent elements : 

(i) Ze (ii) Z, (ili) Ze (iv) Zy, (v) Z,[i] (vi) Z;[i] 

. Which of the following are rings. Which of them are commutative, with unity, integral domain, 
division ring, field under matrix addition and multiplication. 

(i) M,(Z) (ii) M,(2Z) (iii) M(Q) (iv) M,(R) (v) M,(C) 
(vi) M,(Z>) (vii) M,(Z;) (viii) {Ae M,(R):|A|=1} 


(ix) {A <M,(R):|Alis a rational number} 
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. Which of the following are rings. Which of them are commutative, with unity, integral domain, 
division ring, field under usual addition and multiplication. Also find their units, characteristic, 
idempotent and nilpotent elements : 
(i) Z[x] (ii) Q[x] (iii) R[x] (iv) C[x] (v) Z,[x] (vi) Z,4[x] 
(vii) Z[x,y] (viii) Q[x,y] (x) R[x, y] (x) C[x.y] (xi) Z,[x.y] (xii) Zy[x,9] 

. Which of the following are rings. Which of them are commutative, with unity, integral domain, 
division ring, field under usual addition and multiplication. Also find their units, characteristic, 
idempotent and nilpotent elements : 


(i) ZxZ (ii) ZxQ (ili) QxQ (iv) ZoxZe 


. Let X be anon empty set and R* denotes the set of all functions f : X > Rythen R%* is aring 


under addition and multiplication of functions defined by (f + ¢)(a)= f (x)+¢(x) and 


(F-8)(a)= F(x) 8(*)- 


. What are the units in the ring R™. 


. Let C [a,b] denote the set of all real valued continuous function defined on [a,b] . Show that 
G [a,b] is a commutative ring, with unity and with-zero divisors w.r.t. usual addition and 


multiplication of functions. What’are the units, idempotents and nilpotents of this ring. 


. Let H (C) denotes the set ofall entire functions defined on the complex plane C, then show that 
H (C) is an integral domain w.r.t. ordinary addition and multiplication of functions. Further show 
that units of H (C) are nowhere vanishing entire functions. 

10. Which of the,following functions f :C—-C are units in the ring H (C) : 
(i) f(z)=k,k 40 (ii) f(z)=z (iii) f (z)=sinz 
(W) flare (v) f(z)=e™* (vi) f(z)=e* 


Zz 2 


11. LetyR = 


: 2p te= c| then show that R is a division ring but not a field. 


hg - Si 


12. Let k= {a +bi+cj+dk:a,b,c,d € R} where the symbols i, j,k are connected by the relations 


P= jp =k’ =ijk=-1, ij =k, jk=i, ki=j, ji=—k, kj =-i, ik =—j. Show that Ris a division 


ring but not a field under formal addition and multiplication. 


This ring is known as the ring of quaternions. 


13. Let R= {a +bi+cj+dk:a,b,c,d € Z.,} where the symbols 7, j,k are connected by the relations 


Pap =k’ =ijk=-1, ij=k, jk=i, ki=j, ji=—k, kj =-i, ik =—j. Show that Ris not an 


integral domain under formal addition and multiplication modulo 3. 


. Show that R = {i : :aeé | is a field under usual matrix addition and multiplication. 
aa 


[a 0 
. Show that R -| : i ae | is a field under usual matrix addition and multiplication. 


b 
. Show that R= | 1 :a,b,c,d € zh is aring under matrix addition and componentwise matrix 
(8 


multiplication. What are the units of this ring. 

. Let a be a non-zero element of a ring R then prove that a cannot,be both unit and zero divisor. 
Give an example of a ring in which there exist elements which are Neither unit nor zero divisors. 

. Let R be finite CRU. Prove that every non-zero element of.R is either a zero divisor or a unit. What 
happens if we drop the finiteness condition on R. 

19. List all zero divisors in Z5).Can you see a relationship between the zero divisors of Z59 and the 

units of Zo, ? 

. Find a non-zero element in a ring that is neither a zero-divisor nor a unit. 

. Describe all zero-divisors andunits of ZxQxZ. 


. Give an example of a commutative ring without zero-divisors that is not an integral domain. 

. Find two elements q@ and b in a ring such that both a and b are zero-divisors, a+b #0 and a+b is 
not a zero divisor. 

. Determine all elements of a ring that are both units and idempotents. 


. Find the characteristic of Z4x4Z. 
. LetyX = {a,b,c} and P(X ) denotes the power set of X. Prove that (P(X), a, A) is not aring. 


»Let X 3 {a,b,c} and P(X) denotes the power set of X. Prove that (P(X), A, a) is a Boolean 


ring. What are the units of this ring. 
. Let R be a CRU, then all the units of R form an abelian group with respect to multiplication of R. 


. Let R ={0,3,6} then show that (R,+5, Xo) is a zero ring. 


. What is the number of zero divisors in the rings Z,, and Z,xZ,. 
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Answers 


. (i) Commutative ring with unity, integral domain, not a division ring, not a field, U(Z)={1,-1} , 
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Z) =0. 
(ii) Commutative ring with unity, integral domain, division ring, field, U (Q) = Q: =Q -{ \ ; 


idempotent elements = {0,1}, nilpotent element = {0}, Ch(Q)=0. 


(iii) Commutative ring with unity, integral domain, division ring, field, U(R)=R>{0}, 


idempotent elements = {0,1}, nilpotent element = {0}, Ch(R)=0. 
(iv) Commutative ring with unity, integral domain, division ring, field, U(C) =C-{0}, 
idempotent elements = {0,1}, nilpotent element = {0}, Ch(C)=0. 
(v) Commutative ring without unity, not an integral domain, not/a division ring, not a field, 
U(2Z)=¢, idempotent element = {0} , nilpotent element = {0}, Ch(2Z) =0. 
(vi) Commutative ring with unity, integral domain) not,a division ring, not a field, 
U (Z(i)) ={1,-1,i,—i| , idempotent elements + {0,1!, nilpotent element = {0}, Ch(Z(i)) =0. 
(vit) Commutative ring with unity, integral domaim,not a division ring, not a field, 


u(z(v2)} = {a +bV2 : a? —2b% =#ija,be z , idempotent elements = {0,1}, 


nilpotent element = {0},Ch (z (v2)) =0;; 


(viii) Commutative ring with unity, integral domain, division ring, field, U (Q(v2 )) 
idempotent elements = {0, 1} , nilpotent element = {0} , Ch (Q (V2 )) =(. 
(ix) Commutative ring with unity, integral domain, division ring , field, U (Q(i)) = Q(i)- {0}, 
idempotent elements = {0,1}, nilpotent element = {0},Ch (Q(i)) =(. 


. (),Commutaive ring with unity, not an integral domain, not a division ring, not a field, 


U (Ze) = {1,5}, idempotent elements = {0,1,3,4} , nilpotent element = {0}, Ch(Z,)=6. 
(ii) Commutiative ring with unity, integral domain, division ring, field, U(Z7)=Z,-{0}, 
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Z,)=7. 


(111) Commutative ring with unity, not an integral domain, not a division ring, not a field, 


U(Zg)={1,3,5,7} , idempotent elements = {0,1}, nilpotent element = {0,2,4,6}, Ch(Zg)=8. 
(iv) Commutative ring with unity, integral domain, division ring, field, U(Z,,;)=Z,,—{0}, 
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Z,,)=11 


(v) Commutative ring with unity, not an integral domain, not a division ring, not a field, 


U (Z5 [‘]) = {Li}, idempotent elements = {0,1}, nilpotent element = {0,1+i}, Ch(Z, [i]) ne 
(vi) Commutative ring with unity, integral domain, division ring, field, U (Z; [i]) =L4 [i] -{ \ 5 


idempotent elements = {0,1}, nilpotent element = {0}, Ch (Z; [i 1) =o: 


. () Non-commutative ring with unity, not an integral domain, not a division ring, not afield. 
(11) Non-commutative ring without unity, not an integral domain, not a division ring, not a field. 
(iii) Non-commutative ring with unity, not an integral domain, not a division.ring, not a field. 
(iv) Non-commutative ring with unity, not an integral domain; not a division ring, not a field. 
(v) Non-commutative ring with unity, not an integral domain, notya division ring, not a field. 
(vi) Non-commutative ring with unity, not an integral domain, not a division ring, not a field. 
(vit) Non-commutative ring with unity, not an integral domain, not a division ring, not a field. 
(viii) Not a ring. 

(ix) Not a ring. 
(i) Commutative ring with unity, integral domaim, not a division ring, not a field, 


U (Z[x]) = {1,-1}, idempotent elements = {0,1}, nilpotent element = {0', Ch (Z[x]) =0. 


(ii) Commutative ring with unity, integral domain, not a division ring, not a field, 


U (Q[x]) = Q {0} , idempotent elements = {0,1}, nilpotent element = {0}, Ch (Q[x]) =0. 


(111) Commutative ring with unity, integral domain, not a division ring, not a field, 


U( R[¥]) =R—{0}, idempotent elements = {0,1}, nilpotent element = {0}, Ch( R[x]) =(0. 


(iv) Commutative ring, integral domain, not a division ring, not a field, U(C[x]) =C-{0}, 
idempotent elements = {0,1}, nilpotent element = {0}, Ch(C[x]) =0. 

(v))Commutative ring with unity, integral domain, not a division ring, not a field, U(Z>[x]) = {I}, 
idempotent elements = {0,1}, nilpotent element = {0}, Ch (Z| 1) =2. 

(vi) Commutative ring with unity, not an integral domain, not a division ring, not a field, 
U(Z4[x]) = {1,3} , idempotent elements = {0,1}, nilpotent elements = {0,2}, Ch(Z,[x]) =4. 


5. (1) Commutative ring with unity, not an integral domain, not a division ring, not a field, 
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U (ZxZ) = {(1,1),(1,-1),(-1.1),(-1,-1)}, idempotent elements = {(0,0),(1,1),(0,1),(1,0)}, 


nilpotent element = {(0,0)} , Ch(ZxZ)=0. 


(ii) Commutative ring with unity, not an integral domain, not a division ring, not a field, 
U(ZxQ)={(m,n):m = +1,n€ Q}, idempotent elements = {(0,0),(1,0),(0,1),(1,1)}, 
nilpotent element = {(0,0)} , Ch(ZxQ)=0. 

(iii) Commutative ring with unity, not an integral domain, not a division ring, nota field, 
U(QxQ)= {(m,n) : m,n #0, m,n € Q}, idempotent elements = {(0,0)4(1,0),(0,1)s(1,1)}. 
nilpotent element ={(0,0)} , Ch(QxQ)=0. 

(iv) Commutative ring with unity, not an integral domain, not a division ring, not a field, 
U(Z,xZ )={(1,1),(1,2)}, idempotent elements = {(0,0),(130),(0,1).(1.1)}, 
nilpotent element = {(0,0)}, Ch(Z,xZ3)=6 

19. {2,4,5,6,8,10,12,14,15,16,18} are the zero divisors in Z 7) and every non zero element not in 
this list is a unit. Thus, zero divisors in Z9 are the‘non zero non units. 

20. In 2Z, every element is neither a zero-divisor nora unit. 

21. (a,b,c) (at least one of a,b and‘¢ iswero and not all zero) are zero divisors and (+1,b,+1),b #0 


are units. 


22. 2Z 23. In Ze, a=2 and b=3 24. a=1 


1.2 Subrings and Ideals 

Def. Subring : Let Robe aring. A non-empty subset S of R is said to be a subring of R if S itself is 
a ring under the same binary operations as in R. 
Any’subring. S of R is said to be a proper subring of R if S #R. Also, {0} is known as trivial subring. 
Result : A non-empty subset S of aring R is a subring of R if and only if 

G) a—beS for all a,beS i.e. Sis an additive subgroup of R. 

i) abe S for all a,beS. 
Def. Left ideal : A non-empty subset S of a ring R is called a left ideal of R if 

Gi) a-beS forall abeSs 


Gi) raceS foralaeS , reR. 


Def. Right ideal : A non-empty subset S ofa ring R is called a right ideal of R if 
G) a-beS forall asbeS 
Gi) areS forallaeS , reR. 
Def. Ideal : A non-empty subset S of a ring R is called a both-sided ideal or simply, an ideal of R if it 
is left ideal as well as right ideal of R. 
Equivalently, A non-empty subset S of a ring R is called an ideal of R if 
G) a-beS forall abeSs 
Gi) areS and racS forallaeS , reR. 
Remarks : 
In a commutative ring every left ideal or right ideal is a both-sided ideal. 
An ideal A of a ring R is called a proper ideal if A#R. Further , zero ideal {0} is also called 
trivial ideal or zero ideal. 
Every left ideal, right ideal and ideal is always a subring. 
Every subring need not be an ideal. 
Def. Sum of two ideals : Let A and B are two ideals of aring R then their sum is defined as 
A+B={a+b :aeAand beB}. 
Def. Ideal generated by a subset : Let S be any subset of ring R. Then ideal generated by S is 


denoted by ( S ) and is defined to be the smallest ideal’containing S 


or 
An ideal J of a ring is said to be generated by a subset S if 

(1) Scl 

(ii) IfA is any idealof R suchthat ScA,then 7CA. Thenwewrite /J= (S) : 


Def. Product of two ideals :)If A and B are two ideals of a ring R then their product is denoted by AB 


finite 


and is defined as AB > > ajb; : a, eA, b € o} i.e. AB contains the finite sums of the products of 


the pairs of elements taken first from A and second from B. 


Def..Co maximal ideals : Two ideals A and B of R are said to be co-maximal if A+B=R. 


Def. Centre of a ring: Let R bearing then its centre denoted by Z (R) and is defined as 


Z(R)={reR:xr=rx forall xe R} 


Def. Right annihilator of an element : Let R be a ring and aeR be any element. Then, right 
annihilator of ‘a’ is denoted by r(a) , and is defined as 


r(a)={reR:ar=0} 
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In words , we can say that right annihilator of ‘a’ is the collection of all those elements of ring which 
when multiplied with ‘a’ on the right hand side gives zero. 
Def. Left annihilator of an element : Let R be a ring and aeR be any element. Then, left 
annihilator of ‘a’ is denoted by /(a) , and is defined as 
l(a)={reR:ra=0} 
In words , we can say that left annihilator of ‘a’ is the collection of all those elements of ring which 
when multiplied with ‘a’ on the left hand side gives zero. 
Results (A) : Algebra of ideals : 
1. The intersection of any two left ideals of a ring is a left ideal of the ring. 
2. An arbitrary intersection of left ideals of a ring is again a left ideal of the ring. 
3. If A isa left ideal and B is aright ideal then AM B is neither left nor a right ideal, in general. 
4.If A and B are two ideals of a ring R then AUB is an ideal of R if and only if either AC B or 
BCA. 
5. IfA and B are two ideals of aring R then A+B is also an ideal of R. 
6. If A and B are two ideals of aring R then Ais anidealof A+B. 
7. IfA and B are two ideals of a ring R then’ AM B is an ideal of A, Band R. 


8. Let R be aring and a eR be any element then the ideal generated by a is denoted by (a) and is 


given by ( | > ras, +a FasS+ Nd :7,8,7,,5,ER wine 


finite sum 


Sometimes this is denoted by (a) =RaR+Ra+aR+aZ. 
9. If R is a ring with unity then (a) =RaR. 
10. If R is a commutative ring then (a) =Rat+aZ=aR+aZ. 
11. If Ris a CRU then (a) =aR= Ra. 


12. If A and B are two ideals ofaring Rthen A+B= (A o B) ie. A+B is the smallest ideal 


containing AUB. 
13. If A and B are two ideals of a ring R then their product AB is also an ideal of R. 
14. IfA is a left ideal and B is a right ideal of aring R, then 
(i) AB is a two — sided ideal of R. 


(ii) BA need not be even a single sided ideal of R. 


15. If A and B are two ideals of aring Rthen ABCAMB and ABCA+B. 
16. Let A and B are two ideals of aCRU R such that A+B=R then AB=AXB. 
or 
If A and B are co-maximal ideals of a commutative ring with unity then AB=ANB. 
17. For the illustration of above result we can consider 2Z and 3Z in Z. We see that 2Z7+3Z=Z 
and 2Z,.\3Z= (2Z)(3Z) = 6Z.. 


Results (B) : Ideals in division rings and fields : 


. If U is an ideal of a ring R with unity such that 1eU then U =R. In words, if an ideal contains 
unity, then it is equal to the whole ring. We can also say that a proper ideal of a ring with unity 


cannot contain the unity element. 
If U is an ideal of a ring R with unity such that U contains an unit,of R then U = R. In words, if an 
ideal contains unit, then it is equal to the whole ring. We:camalso say that a proper ideal of a ring 


with unity cannot contain the unit element. 
Def. Simple ring : A ring R is said to be a simple ringufit has no non-trivial proper ideals 1.e., the only 


ideals of R are {0} and R. 


3. Let F be any field then {0} and F are only ideals of F. In words, a field has no non-trivial proper 
ideals 1.e., a field is always a simple ring. 
. Let R be a commutative ring with unity whose only ideals are {o} and R then Risa field. In 


words, a commutative ring with unity which has no non-trivial proper ideals is a field. We can also 
say that a simple CRU\is a field. 
. Acommutative ring R with unity is a field iff it has no non-trivial proper ideals 1.e., a CRU is a 
field iff it is a simpleyring. 
. A division ring has no non-trivial proper ideals 1.e., a division ring is always a simple ring. 


. Let R besa ring with unity such that R has no right ideals except {0} and R, then R is a division ring. 
Results (C) : Ideals in Z and Z, : 


1. Ideals of Z : Every ideal of Z is of the form nZ where n is an integer. In other words, nZ , 


where n is an integer, are the only ideals of Z. 


2. The ideal nZ is the smallest ideal containing n, so we can also denote it by (n) Le., nZ= (n) ; 


3. Subrings and ideals of Z are same. 
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4. Ifm and n are two distinct integers then 


(i) mZ+nZ =| g.c.d.(m,n)|-Z (ii) (mZ)A(nZ) =[1.c.m.(m,n) |-Z 


(iii) (mi ,) . (01 1) = mnZ (iv) mZ cnZ iff n divides m 


5. Ideals of Z, : We know that Z,, is a cyclic group w.r.t. addition. Also we know that every 
subgroup of a cyclic group is cyclic. If we consider Z,, as a ring, then all cyclic subgroups of Z,, 


are the only subrings and ideals. 
Results (D) : Unity and characteristic of subrings : 


. Subring of a ring with unity may be without unity. e.g., take R=Z and S$ =2Z 


. Let S be a subring of a ring R with unity such that S is also with unity then the unity of S may or 


may not be same as that of R. e.g. consider R=Q, S=Z and R=Z,, S= {0,2,4} ; 
. If characteristic of ring is non-zero then characteristic of its subring is also non-zero. 
. Let S be a subring of ring R with unity and ch(R) #0 then 
(i) If unity of S is same as that of R then ch(S) >ch(R) 
(ii) If unity of S is either different frompthat of R or it does not exist then ch(S) divides ch(R). 


. Subring of a commutative ring is always commutative . However, subring of a non-commutative 


ring may or may not be commutative. 


Exercise 1.2 
. Prove that the set of even integers is a subring and ideal of (Z,+, -). 
. Prove that {0,2,4} is a subring and ideal of the ring (Z6.+6>%6 ). 
“Prove that {0,3,6,9} is a subring and ideal of the ring (Zy2,+12.%12)- 
. Proverthat the set of Gaussian integers Z [i | ={a+bi:a,beéZ } is a subring but not an ideal of the 


ring of all complex numbers C. 
. Describe all the subrings and ideals of the ring of integers. 


. Show that 2ZU3Z is not a subring of Z. 


7. Determine the smallest subring of Q that contains ; : 


8. Determine the smallest subring of Q that contains ; : 


9. Prove that centre of a ring is always a subring of R. 


10. Prove that Z is subring of Q,R and C but not an ideal, Q is a subring of R and C but not an 


ideal, R is subring of C but not an ideal. 


11. Find a subring of ZxZ that is not an ideal of ZZ. 
12. Let S ={a+bi:a,b€Z,bis even} . Show that S is a subring of Z[i], but not anideal of Zfi]. 
13. List all the ideals of the rings Z)5,Z15, Zog and Zy4. 
14. In the ring of integers, find a positive integer a such that 
@) (a) =(2)+(3) (ii) (a) = (3) + (6) (iii) (a) = (mm) + (7) 
. Inthe ring of integers, find a positive integer a such that 
i) (a) =(3)(4) (ii) (a) =(6)(8) ii) (a) = (m)(n) 
. Let R be any ring and aeéR be any element. Prove that 
(i) the set Ra={ra:reR} isa left ideal of R. 
(ii) the set aR = {ar : rR} is aright ideal of R. 


. Show that right annihilator of anelement of a ring is a right ideal of ring. 


. Show that left annihilator ofan element of a ring is a left ideal of ring. 


. Let R be a ring of all real valued continuous functions defined on [0,1] . Prove that the sets 


si=|fer (Fee and s={renis(s)=s +}=o} are ideals of R. 


. Let R be thesing of continuous functions from R to R. Let 


A= {f eRif (0) is an even integer}. Show that A is a subring of R, but not an ideal of R. 


b 0 
- Let/R {|< A :da,b,c,d € zh and § -{|; 1 :a,be zh Show that S is an left ideal of R 
Cc 
but not right ideal. 
a b a b . : ; 
. Let R= 1 :a,b,c,deZr and S= 66 :a,be€Z>.Show that S is aright ideal of R 
Cc 


but not a left ideal. 


b 0 
. Let R= (i: 1 :da,b,c,d € zh and S= {s :a,be zh Show that S is a subring of R 
Cc 
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but S is neither a left nor a right ideal of R. 


0 g 


:a,be€Z-. Show that A is an ideal of B, Bis an ideal of R but A is not an ideal of R. 


. Let R= :a,b,c,d,e,f,g¢€Z- bearing and A= 
0 
0 
0 
0 


0 
B=,|0 
0 
a b : : : Ww. . 
.Let R= { 4] :da,b,c,d € zh be aring. Prove that Z (R) is neither a left nora right ideal of R. 
Cc 


b b 
. Let R= (i? A : a,b,c,d € zh and § = { A :a,b,c,d € 22| , then prove that S is an ideal 
C C 


of R and therefore R is not a simple ring. 


. Prove that M,,(kZ) is ideal of M,,(Z) Vk €Z and hence, M,, (Z) is not a simple ring. 


b 
. Show that R= (i: 1 :a,b,c,d € a] is a simplering. 
é 


. If Q is replaced by R or C in above ring R then show that it is also a simple ring. 


a a 0 Oa : 
. Let R= : R;and S,= [ae ,s,= :aéR?, show that S, is 
0 0 0 0 0 


a left ideal of R but not right ideal and S, is an ideal of R. Hence R is not a simple ring. 


0 
» Let R= {s : | and S$ = {° i :aeé | , then show that Sis a subring of R 


but not an ideal of R. Show that R is non commutative, without unity and with zero divisors but S$ 


is a field. 


b 
. Let R= (: 1 :a,b,c,d € | and § = {i : :ae | , then show that Sis a subring of R 
Cc aa 


butnot an ideal of R. Show that R is non commutative, with unity and with zero divisors but S 
is a field. Further unities of R and S are different. 

. Show that Zx2Z is a subring of Z~xZ. Is it an ideal ? 

. Show that Zx{0} is a subring of Zx2Z. Also show that Zx{0! is with unity but Zx2Z is 


without unity. 


. Show that mZ is an ideal of nZ iff n divides m. 


36. Show that mL i | is an ideal of Z|i| for every integer m. 
37. Consider the ring (P(N),A,0). Let A be any subset of N then show that P(A) is an ideal of 


P(N) and therefore P(N) is not a simple ring. 


Answers 


a :meZneNu{o}} 


:meZ,n eNU(0}| 


= {0,5,10,15},(10) = {0,10},(20) = {0}. 
1) = Zy4,(2) = {0,2,4,6,8,10,12,14,16,18, 20, 22};(3) = {0,3,6,9,12,15,18, 21}, 
(4) = {0,4,8,12,16, 20} ,(6) = {0/6,12)18}; (8) = {0,8,16},(12) = {0,12},(24) = {0}. 
14. (i) 1 ii) 3 (iii) g.eldy (m,n) 
15. @) 12 (ii) 48 (iii) mn 
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3. 4 4. 0,2,4 and 6 


The ring M of 2x2 matrices with elements in . Asubring S of R has the following axioms : 
is 1. Sis not closed under addition and 
. Commutative ring with zero divisors, multiplication. 
without unity. 2. Sis closed under addition only. 
. Non-commutative ring with zero 3. Sis closed under multiplication only. 
divisors, with unity. 4. Sis aring under the operation defined. R . 
. Commutative ring with unity. 
. Field. . Which of the following is not a subring of the 
given ring 
The set of all matrices of the form 1. (Z,+,-) of the ring-(R,+,-) 


0 =~ 
{ ‘ 1x, ye a] under the two operations 2. (E,+,-) of (Z, iW (E is the set of even 
Oy integers.) 


matrix addition and matrix multiplication is 3 (Q,+,') of ( +," 
; aa. 4. (0,+,-)of (Z,+-); © stands for odd 
3. Non-commutative ring with zero divisors integers. ) 
4. Aring without zero divisors but with 
unity. . What is the characteristic of the ring of even 
integers 2Z ? 
. Which of the following is not a ring ? }. 2 2. 1 
. Set of all 2x2 matrices whose elements 30-0) 4. none of these 
are in Q. 


. Set of all 2X2. matrices whose claents . The number of nilpotent element in the ring 


are in C. (Z39,+30+30 ) is 
. Set of all 2x2 matrices whosevelements 1. O 2. 1 
are in Z. 3. 2 4. 3 
. All 2x2 matrices whose elements are in 


R* and determinant.of the matrices is . The number of idempotent and nilpotent 
zero. elements in Z, respectively are 
1. 1,3 2. 3,1 
The integral domain.of which cardinality is 3. 2,2 4. 0,1 
not possible 
1. 5 2. 
3. 7 4. 


6 . If Fis a field with characteristic 3, then for all 
8 


abeF; (a +b)" is equal to 


.“Let Rbe an integral domain with unity ‘1’ in 1. a+b  @ ih 
which 20: 1= 0 and 12- 1= 0. Then, 3. at+b+ab 4. 0 
characteristics of R is 
1.2 2. 4 


. The characteristic of the ring Z,xZ4xZ¢ is 
3. 20 4. 12 


1. 2 2. 4 


: 3. 6 4. 12 
In Zg, all the nilpotent elements are 


1. 2,4 and 6 2. 2 and 4 


3. 4 4. none of these 


14. The set R= {(ai) a; € z\ is a ring w.r.t. 


ax “Mi 
‘+’ and *-’ defined by 20. Every non —zero nilpotent element of ring R is 


(a,) " bj) S (a, " bj) and 1. Zero divisor 2. non-zero divisor 
2x2 2x2 2x2 3. unity 4. none of these 


q;; - (b. =(a,.-b. 
( : by ( bse ( a ia 21. If J is the set of integers and define 
Then, the number of units in R is a@®b=a+b+l1 and a©@b=a+b+ab. Then, 
- i Z the ring {1,®,©} is 
1. commutative ring 
2. Integral Domain 
3. Field 
4. None of these 


. Let (D,+,-) be a division ring containing g 
elements. Then 
1. a4 =0 forall aeD 
2. a4 =a forallaeD . Let D be the setvof tuples)(w7,...., 49), where 
3. a‘ =a-—I forall aeD w; €{1,2,3',1<i<10and w,+w;,; is an even 
4. None of these numberfor each i with 1<i<9. Then, the 


. Which of the following rings is not a simple eee oR ements in ss 
ring. 1. 2.41 2. 2° +1 


A 339 +1 4, 3141 
1. R= :a,b,c,d €Z (CSIR NET June 2015) 


_ jf a : . Which one of the following is false ? 
ao -| oGeGeS o| 1. Every field is also a ring. 
Multiplication in a field is commutative. 


e 2: 
Cee 7 -a.b.c.déR 3. Every ring with unity has at least 2 units. 
ES 4. Any ring containing Z as a subset must 


a have characteristic equal to zero. 
4. r={{ jfiarow ef 
c 


. Let M3(R) be the ring of all 3x3 real 


. If U is an ideal of ring Rand 1 €U, then matrices. If 1,J ¢ M3(IR) are defined as 


1. Uisa proper subset of R, bec 

2. U is equal to R. Ts 0 

3. Uis a superset of R: 

4. U=6. 0 
0 
0 


:a,b,c€ 


. ConsideraS)= C [x°] , complex polynomials in J= :a,b,c eRe, then 


as a subset of T =C[x], the ring of all oe 0 


complex polynomials. Then, 1. Jis aright ideal and J is a left ideal. 
1. Sis neither an ideal nor a subring of T. 2. I and J both are left ideals. 
2. Sis an ideal, but not a subring of 7. 3. I and J both are right ideals. 
3. Sis a subring, but not an ideal of T. 4. Jis a left ideal and J is a right ideal. 
4. Sis both a subring and an ideal of T. (GATE 2006) 
(GATE 2004) 
; Let 
19. The characteristic of Z,xZ is R= {ag t+ Qitazj+agk :A9,04,07,03 €Z;} 


1y"12 2. 0 be the ring of quaternions over Z3, where 
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k? =ijk =-1; 
i=—ji=k;jk=-kj =i; ki=-ik = j.Then 
1. Risa field. 

2. Ris a division ring. 
3. R has zero divisors. 
4. None of these. 


(GATE 2006) 


. The number of units in the ring Zj,) xZ > is 
1. 120 


. Let (R,+,-) be a ring such that a’ =a, 
VaeR. Then 


1. R is commutative 
2. Ris not commutative 
3. ata=0 VaeR 


4. a+a#0 VaeR 


. Which of the following is/are not an integral 


domain ? 

l. Ze 2. Z4 
3. M,,(Z) 4. none of these 

. Let Z. ={0,1,2,3,4,5} is a ring of integers 
modulo 6, then the following is/are true 

1. Ze is aring without zero divisor. 

2. Zo is aring with zero divisor. 

3. 3 is an idempotent element in Z¢, 


4. Ze is an Integral Domain. 


. Which of the following is/are true ? 

1. Every integral domain is a field. 

2. A field has no zero divisors. 

3. Every finite integral domain is a field. 
4. A skew-field has zero divisors. 


. Which of the following is/are field ? 
1. (Z,+,:) 2. (Q4,-) 


6. 


8. 


3. (Zs5,+,°) 4. (Z¢,+,-) 


If S is any ideal of a ring R and T be any 
subring of R, then 

1. S+T isasubring of R. 

2. S+T isan ideal of R. 

3. Sis asubring of S+7T. 

4. Sis an idealof $+T. 


Let J, and J, are two ideals of a ring R, 


which of the following is/are correct ? 
1. J, Ul, is anideal of R. 


2. 1, O17 is an ideal of R. 
3. I, +I, is an idealof R. 
4. II, 18,an ideal of R. 


Let R denotes the ring of all 2x2 matrices 
withinteger entries and 


0 
M= (i 1 ae zh then which of the 


following is / are true : 

1. Mis left ideal in R. 

2. M is right ideal in R. 

3. M is left ideal but not right ideal in R. 
4. Mis right ideal but not left ideal in R. 


. Which of the following is true ? 


1. Every integral domain of the 
characteristic zero is infinite. 
. The characteristic of Z,, is n. 
. Ifris anon zero element of a ring R, 
then either r is a unit or ris a zero divisor 
. IfAisa 2x2 matrix with det ( )=0 : 


then A is a zero divisor in M,(R). 


. Let R be a non-zero ring with identity such 


that a* =a for all aeR. Which of the 
following statements are true ? 
1. There is no such ring 
2. 2a=0 forallaeR 
3. 3a=0 forall aeR 
4. Z/2Z isasubring of R 
(CSIR NET June 2017) 
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2.1 Factorisation of Polynomials 


Def. Irreducible Polynomial : Let R be an integral domain. A polynomial f (x) ER [x] of positive 
degree is said to be an irreducible polynomial over R if it cannot be expressed as product of two 
polynomials of positive degree. ie., if f (x)= g(x)h(x) where g(x),h(x) R[x] then either 
deg(g(x))=0 or deg(h(x))=0. 

Def. Reducible Polynomial : A polynomial of positive degree which is not irreducible over R is 


called reducible polynomial over R. i.e., f (x) can be expressed as f (x)= g(a)h(x) for some 


g(x),A(x)e R[x] where deg(g(x))>0 and deg(h(x))>0. 


Results : 


1. Let R bearing and f(x), g(x) be two non-zero polynomials over R , then 
(i) If f(x) +g(x) #0 , then deg( f(x) + g(x))< max {deg f(x) , deg g(x)}. 
(ii) If f(x).g(x) #0 , then deg( f(x).g(x)) < deg f(x) +deg g(x) 

(iii) If R is an integral domain , then deg (f (x).g(x)) = deg f(x) +deg g(x). 

. Division algorithm: Let f(x) and g(x)(40) be two elements of F [x] where F is a field, then 
there exist unique polynomials g(%),and r(x) in F [x] such that f(x) = g(x)-q(x)+r(x) where 
r(x) =0 or degr(x) <deg g(x). 

. Division algorithm does not hold in the polynomial ring Z[x| .e.g., consider f (x) =3x+4 and 
g (x) = 2x eS. 

. Remainder theorem: Let F be an arbitrary field. Ifa polynomial f(x) € F[x] is divided by x—-a, 
then the remainder is f(a). 

. Factor theorem: A polynomial f(x) € F[x] is divisible by x—a iff f(a) =0. 

. A polynomial of degree one is always irreducible. 


. Let F bea field and f (x) eF [x] be a polynomial of degree 2 or 3 then f(x) is reducible over F if 


and only if f(x) has a zero in F. 


8. Let F be a field and f (x) eF [x] be a polynomial of degree 4 or more, then 
(i) if f(x) has a zero ain F then x—a is a factor of f (x) and so f(x) is reducible over F. 
(ii) if f(x) has no zero in F then f(x) may or may not be reducible over F'. 
9. Let f (x) € Z|x]. If f(x) is reducible over Q, then it is reducible over Z. In other words, a 


polynomial with integer coefficients is reducible (irreducible) over Qiff it is reducible(irreducible) 


over Z. For instance, consider the factorization 6x° +x—2 = [3x — 5 )(2x + <) : 


10. Mod p Irreducibility Test : Let p be a prime and suppose that f (x) ¢Z[x] with deg f (x)>=1. Let 
f (x) be the polynomial in Z ,[x] obtained from f (x) by reducing all the coefficients of f (x) 
modulo p. If deg f (x) =deg f(x) and f(x) is irreducible over Z,, then f (x) is irreducible 
over Q. 

11. Eisenstein’s criterion of irreducibility over Q: Let f(x) =ag-ajx Pa,x° + 
polynomial in Z[x]. If p isa prime such that p|a),p|a)....P|4a,,, P{a,.p° {a then f(x) 
is an irreducible polynomial over Q. 

12. Shifting result : Let f (x) €Z[x] be anypolynomial and k be any integer then f (x +k) is 
irreducible over Q iff f(x) irreducible over Q. 

13. Irreducibility of p” cyclotomic polynomial : For any prime p, the p” cyclotomic polynomial 
Bs (x) =x? 4 x?? 4......4x41 is irreducible over Q. 

14. If g, (x) is the p' cyclotomic polynomial then g iy (x’ is is irreducible over Q for every 


positive integer n. 


15. A real polynomial of degree >3 is always reducible over R, but it may or may not have a root in 


16.A real polynomial of degree 2 may or may not be irreducible over R. e.g., consider the 


polynomials x*+1 and x* -2. 


17. Let p’be a prime, then the number of reducible polynomial over Z,, of the form x +ax+b is 


P(p t+) 
rae 


18. Let p be a prime, then the number of irreducible polynomial over Z,, of the form x’ +ax+b is 


P(p-\ 
rae 
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Exercise 2.1 
Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a 
polynomial is reducible then reduce it into irreducible factors. 


Ll. x +1 9. eee 3. x41 4. x41 


5. x +27 +1 6. +x 4x41 Ts X 43x? —92x £74427 


8. « a7 +1 9. x' +1 10. x*+x+4+1 11x’ Se xt] 


12. x*4+x°+4+1 13. x44+x? +x41 14. tx 42 +1 15. xm C447 +x41 


16.30 $3 ee Ee ATT ee ee eel 18.4242 42° 4x41 1dr er tx7+x4+1 


0. ee Ne ee ae 02 gf 43 oe 


Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a 


polynomial is reducible then reduce it into irreducible factors. 


2% 
26. 
29. 
S2; 
35. 
38. 
Al. 
44. 
47. 


x +x41 

x? +2x+2 

x +1 

x1 43x? -9x° +7x+27 
x4 4x? txutl 
eH tae +1 
+ Ox +1 

x tx'4+2x% +27 + Dl 


x +x°4+2 


24. x? +x4+2 

27. 2x°+x+4% 

30. 24 2x7 + 2x41 
33. x* 2x7 +1 

300x" Poe + 2x7 42x41 
Soe + 2x $x? 42x41 
42. x +x°+2 

45. 2x +x7 +2 


48. x +227 4+2742 


ae + Oe 
i Poet? 

3 2. 
~x 4+2x°4+2x+2 
ER +e 1 
40 4x41 
oe Pe £9 tad 
oP ba ae eee? 


a +2941 


Whichof the following polynomials are irreducible or reducible over the field Z,. Whenever a 


polynomial is reducible then reduce it into irreducible factors. 


49. 
32; 


Karp + 4 


x +4x+4 


55.x° +42? +443 


58.47 432° +327 4x41 


61.x°+4x°+4x7 +1 


50. x7 +2x+4 

53.x° +47 +4x4+1 
56.0°+4x°+4x4+4 

59. x°+3x°+4x7+4x+1 


62.x1°+4x°+4x7 +3x41 


51. x°+3x4+4 


54? td? +d 


57.4 +3x° + 2x7 +x%41 


60. x7 +4x° 427 +4041 


Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a 
polynomial is reducible then reduce it into irreducible factors. 


63. x7 +4x4+4 64. x7 +6x+5 65. 42x? 4x41 66. x°+6 


Which of the following polynomials are irreducible or reducible over the field Z,,. Whenever a 
polynomial is reducible then reduce it into irreducible factors. 


67. x7 +10x+9 68. x7 +7x4+4 69. x°+x+4 70. x° +1 


Which of the following polynomials are irreducible or reducible over Z. 


71. 21x? —3x7+2x+8 72. x tx 4x 4x41 T36x* + 3x79 —9x? +7x+27 


74. 5x*-6x?4+9x° -15x+12 75. 1+(x+1)+(x+1) +(x+1) +(x Hay 


Which of the following polynomials are irreducible or reducible over Q. 
76. 2x° +4 Tle x —2 x +1 


79. 6x°+x-2 80. x° —5 x 42x? +x-1 
82. 8x°-6x4+1 83. 427+ ee x2 43x? -6x43 


85. 2 +2x7? +x4+1 86. x° =312312% + 123123 3 4 Aap se 7 


7 7 
88. x* +1 89. xt 4x41 . x6 437x743 
O91. l¢+xtx° +x? +21 Oi tm x? +$14x7 +5x4+16 x0 43x449x415 
04:.x° + 2444 95. 3x° +15x* —20x° +10x+ 20 


96. x° +9x*4+12x? +6 97. x +5x° +1 98. ax! boat H1Sx 2x 46x 


Which of the following polynomials are irreducible or reducible over R. 


99. x°+2x7+x-1 100. x*+1 101. x° —3x*+2x°-5x+8 
Which of the following polynomials are irreducible or reducible over Q. 

102. xox? + x4] 103. x 4+x7+x-1 104. x? +x? -—x41 

105. xexs> x1 106. x°-x*+x41 107. x°-x*+x-1 

10896 A? -— x41 109. x°-x*-x-1 

Which of the following polynomials are irreducible or reducible over Z. 

110. x*+4 111. x*+64 112. x*+16 

113. x* +36 114. x*-1 

115. For what values of k the polynomial x*+k is reducible over Z. 

Which of the following polynomials are irreducible or reducible over Z. 


116. xt+x7+4+1 117. x*-7x? +1 118. x4 +10x? +1 
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119. x4 +16x? +1 120. x*++7x? +1 


121. For what values of k the polynomial x* +kx*+1 is reducible over Z. 


Answers 


_ reducible ; x? +1=(x+1) 2. irreducible 
. reducible ; x° +1= (x+ I)(° +x+ 1) 4. irreducible 
. irreducible 6. reducible ; x° +x? +441 (x+1) 
. irreducible 8. reducible ; x4 +27 +1= (x24 x+ i) 
9. reducible ; xi41= (x + 1)" 10. irreducible 
reducible; x* +x? +x+1=(x+1)(x° +27 +1) 12. infeducible 


reducible ; x +2? +x-+1=(x+1)"(x? +241) (ldereducible ; x4 +2? +47 +1=(x41)(x° +x+1) 


. irreducible 16. irreducible 17. irreducible 


. reducible ; txt? 


$2 +x+1e(x4)(x? éx+l) 19. irreducible 

reducible ; x +x7+x7+1= (x-t1)(x* +x+1) 

reducible ; x° +x? +27 +1=(x41) (x? +x41)22. reducible ; x +x? +x+1=(x+1)' (x? +241] 
reducible ; x? +.x+1= (32) 24. irreducible 

reducible ; x” +2#1=(x+1)° 26. irreducible 

reducible ; 2x? +x+2=2(x+1)" 28. irreducible 

groducible ; x? +x7+1=(x+2)(x°+2x+2) 30. reducible ; x° +2x7+2x+1=(x-+1)(x+2)° 


. irreducible 32. reducible ; x++3x°-9x? +7x+27 =x44+x=x(x41) 


2 
reducible ; x*+2x?+1=(x° +1) 34. reducible ; x*+x° +x+1=(x+1)" 


2. 
irreducible 36. reducible ; x4 +23 +2x2 +2x+1= ie +2x+4 2) 


. irreducible 38. irreducible 39. irreducible 


2 
_ reducible : A429 42x? +x41=(x? +242) 


_reducible ; x +2x? +1=(x7+2x42)(2? +27 +242) 
_ reducible ; x42? +2=(x?+2x+2)(x? +27 +2241) 
. reducible ; Parte tx txt 2=(27+2x42)(x3 +227 +241] 


_itreducible 45. reducible : 2x9 +x7+2= (x? re 2\(2x° SeKx + 1) 


. irreducible 47. irreducible 48 “rreducible 


. reducible ; x 4+x+4= (x + 3)° 50. irreducible SI. irreducible 
reducible ; x7 +4x+4=(x+2)° 53. reducible ; x° +447 +4x+1=(x+1)(x+4)” 


_ irreducible 55. reducible ; xed + 3-=(x+3)(x? +x+1) 

. irreducible 57. reducible ; x* Bax? +2x? +x+1=(x+1)(x? +227 +1) 
-reducible ; x4 +3x3 43x? +x+1=(x+3)(x° +3x¥2) 

reducible ; x*+3x° +4x7 +4x-+15(x+3)(x° +4x +2] 

reducible ; x++4x3 +x? +4x41=(x+1)" 

reducible ; x + 4x? 44x” +1=(x+3)(x+4)(x? +2x+3) 

reducible ; x* + 4x? #4x? 48%-+1=(x+2)(x? +227 +3) 

reducible ; x7 asd = (x +2)” 64. reducible ; x + 6x+5=(x+1)(x+5) 
reducible ; x° + 2x? +x+1=(x4+4)(x? +52 +2) 66. reducible ; x° +6 =(x+3)(x+5)(x+6) 
preducible ; x +10x+9=(x+1)(x+9) 68. reducible ; x7 +7x+4=(x+9)° 


reducible ; x7 +x+4=(x+4)(x+8) 70. reducible ; x? +1=(x+1)(x° +10x+1) 


. irreducible 72. irreducible 73. irreducible 74. irreducible 
. irreducible 76. irreducible 77. irreducible 78. irreducible 
. irreducible 80. irreducible 81. irreducible 82. irreducible 
. reducible 84. irreducible 85. irreducible 86. irreducible 


. irreducible 88. irreducible 89. irreducible 90. irreducible 
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91. irreducible 92. irreducible 93. irreducible 94. irreducible 
95. irreducible 96. irreducible 97. irreducible 98. irreducible 
99. reducible 100. reducible 101. reducible 


2.2 Maximal and Prime Ideal 


Def. Maximal Ideal : An ideal M@ (# R) of aring R is said to be maximal ideal of R if there does 
not exist any ideal K of R such that M S a S R. 
In words, there must not be any ideal of R which properly contains M and is properly contained in R. 


Roughly speaking, there does not exist any ideal between M and R. 


or 


An ideal M (4 R) of aring R is said to be maximal ideal of R 1f whenever K is an ideal of R such 


that M CK CR, theneither K=M or KER. 
Remark : Negation of the above definition : An ideal M # Rus not a maximal ideal of R if there exists 


an ideal K of R such that M S K G R. 


Examples : 
(i) 2Z isa maximal ideal of Z, because there exists no ideal between 2Z and Z . However 6Z 
is not a maximal ideal of Z because 6ZC3ZCZ. In fact, pZ , where p isa prime 
number , is always a maximal ideal of Z. 
(ii) 2ZxZ is a maximal idealof ZxZ. 
Def. Prime Ideal: An ideal P # R of a ring R is said to be prime idealif abe P > aeP or 
beP. Inwords , an ideal P +R of aring R is said to be prime ideal if , whenever product of two 
elements of R is in P then at least one of those elements must belong to P . 
or 
Anideal P-# R of a ring R is said to be prime idealif a¢P,b¢P => ab¢P. In words, an ideal 
P #R is said to be a prime ideal if, whenever two elements of the ring are not in P then there product 
is also not in P. 
Remark : Negation of the above definition : An ideal P # R is not a prime ideal of R if there exist two 
elements a,beR suchthata¢P,b¢P but abeP. 


Examples : 


(1) Inthe ring of integers Z, {0} is a prime ideal. 
(2) 4Z={4n:neZ} is not aprime ideal of Z as 2.2=4e4Z but 2¢4Z. 
(3) S5Z= {5n ine Z} is a prime ideal of Z. We see that if a and D are any two integers 


such that abe 5Z , then 5|ab=> S5|a or 5|b > ae5Z or beS5Z. 


In fact each ideal of Z generated by some prime integer is a prime ideal. 


Results : 


1. MP1 Result : In aring R, a maximal ideal need not be a prime ideal and a prime. ideal neednot 


be a maximal ideal. e.g., {Oo} is a prime ideal of Z but not a maximal ideal and 4Z isa, maximal 
ideal of 2Z but not a prime ideal. 
2. M P 2 Result : In a CRU every maximal ideal is prime ideal, but the conversefeed not be true. 
3. M P 3 Result : In a finite CRU an ideal is maximal iff it is a prime ideal. 
4. Zero ideal Result : 
(i) A ring R is without zero divisors iff {0} is a prime ideal of R. 
(ii) A ring R is with zero divisor iff {0} is not ajprime ideal of R. 
(ii) A ring R has no non-trivial proper ideals iff {0' is a maximal ideal of R. 
(iv) A ring R has non-trivial proper ideals iff {0} 1s not a maximal ideal of R. 
5. Let R be a commutative ring with unity, then R is a field iff {0} is a maximal ideal of R. 
6. Maximal and prime ideals of Z : 
(i) The ideal {0} is a prime ideal of Z but not a maximal ideal. 


(ii) An ideal generated by.a,composite number in Z is neither a prime nor a maximal ideal of Z. 

(1) An ideahofring of integers Z is maximal if and only if it is generated by some prime integer 
Le., every*maximal ideal of Z is of the form pZ, where p is a prime. 

(iv) Every non~zero ideal of Z is maximal iff it is prime ideal. 


7. Maximal and prime ideals of Z, : 


(i) If n is prime then the only ideals of Z,,are {0' and Z,,. {0} is maximal as well as prime ideal. 


(ii) If n is composite then Z,, has t(n) ideals where t(n) is the number of divisors of n. 


(111) If n is composite then the ideals generated by prime divisors of n are maximal as well as prime 
ideals of Z,. 
(iv) If n is composite then the ideals generated by composite divisors of n are neither maximal nor 


prime ideals of Z,. 
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(v) Ifn is composite then {0} is neither a maximal nor a prime ideal of Z,. 

(vi) As Z, is a finite CRU, so by M P 3 Result, an ideal of Z,, is maximal iff it is a prime ideal. 
8. Four Important ideals of Z[x| : 

(i) A=<x>={xf (x): f(x) €Z[x]} is a prime ideal but not a maximal ideal. 


(ii) B=<2,x>={2f (x) +xg(x): f(x), g(x) € Z[x]} is both maximal and prime ideal. 


(iii) C=<x° 41> ={ (x? +1) f(x): f(@®) € ZL] } is a prime ideal but not a maximabideal. 


(iv) D=<2,x°+1> ={ 2 (x)+(x? +1)g (x) ey (x), g(x) € Z[x]} is neither,a prime ideal nor a 
maximal ideal. 


Remark : Ideal A contains all polynomials of Z[x] whose constant term is zero and ideal B 
contains all polynomials in Z [x] whose constant termeis an even integer. 
9. Maximal and prime ideals in Z [x] ; 
(i) The ideal {0} is a prime ideal but not a maximal ideal in Z| x]. 
(ii) Let f (x) € Z[x] be a reducible polynomial then ( f (x) is neither a prime ideal nor a 
maximal ideal. 
(iu) Let f (x) € Z[x] be any irreducible polynomial, then ( f (x) is always a prime ideal but not 
a maximal ideal. 
(iv) Every maximal ideal of Z| x] is of the form ( Boy (x)) , where p is prime and f (x) is an 
irreducible polynomial over Z , [x] : 
(v) A non-zero prime ideal of Z[x] may or may not be a maximal ideal. 
10. Maximal and prime ideals in Q[x] : 
(i) The ideal {0} is a prime ideal but not a maximal ideal in Q[ x]. 
(11) Let f (x) E Q[x] be a reducible polynomial then ( ba (x) is neither a prime ideal nor a 
maximal ideal. 


(iii) Let f (x) € Q|x] be any polynomial, then (f (x)) is a maximal ideal iff f(x) is an 


irreducible polynomial in Q[ | ‘ 
(iv) Every non-zero ideal in Q[x] is maximal iff it is prime ideal. 
11. Maximal and prime ideals in F [x] , where F is a field : 
(i) The ideal {0} is a prime ideal but not a maximal ideal in F [x]. 
(ii) Let f (x) eF [x] be a reducible polynomial then ( f (x) is neither a prime ideal nor a 
maximal ideal. 
(iii) Let f (x) € F [x] be any polynomial, then (f (x) is a maximal ideal iff f.(%) is an 
irreducible polynomial in F [ | ‘ 
(iv) Every non-zero ideal in F [x] is maximal iff it is prime ideal. 
12. Maximal and prime ideals of the ring of Gaussian integers Zi | : 
(i) The ideal {0} is a prime ideal but not a maximal ideal in Z[i]. 


(ii) In the ring of Gaussian integers Zi | an ideal (a + ib) is a maximal ideal iff either a” +b* is 
a prime or it is square of a prime of the form 4443. 


(iii) If a* +b? is neither a prime nor a square of aprimé of the form 4k +3 then (a +ib) is neither 
a prime nor a maximal ideal of Z|i | , 
(iv) Every non-zero ideal of Zi | is maximal iff it is a prime ideal. 


13. Let R be the ring of all real valued continuous functions on the interval [0,1] , then 


@) S= {400 eR“: f | = 7 is a maximal ideal of R. 


(ii) $= f[MeR vf G =f (5) = | is neither a prime ideal nor a maximal ideal of R. 


14. Maximal and-prime ideals in the ring (P(N ),A.a) 
(iy If A= {2,3,4,5,.....} then P(A) is a maximal as well as prime ideal of P(N). 
(ii) If B = {3,4,5,6,.....} then P(B) is neither a maximal nor a prime ideal of P(N). 


15. PF 1 Result : Let R be a commutative ring with unity. If every ideal of R is prime , then R isa 
field. 
16. The intersection of two prime (maximal) ideals of a ring R may not be prime (maximal) ideals of R. 


17. The sum of two prime (maximal) ideals of a ring R may not be prime (maximal) ideals of R. 
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A, x B, is not a maximal ideal of Z,,xZ,, because A,xB, € Z,, xB, SZ, xZ,. 
. The number of maximal ideals of Z,,, x Z,, =(number of maximal ideals of Z,,,) + (numberof 


maximal ideals of Z,, ). 
. Let J be an ideal of a CRU R such that every element of R which is not in / is aamit then / is the 


unique maximal ideal of R. 


Exercise 2.2 
. Give an example of a finite commutative ring in which every maximal ideal need not be a prime 
ideal. 


. Find all maximal and prime ideals of Z, Zo, Z,, and Zq. 

. In ZxZ, let J = {(a,0):a € Z} . Show that / is aprime ideal but not a maximal ideal. 
4. Prove that J = (2+ 2i) is not a prime ideal of Z{i| 4 
5. Let p be a prime. Show that A= {(px, y):xye zy is a maximal ideal of ZxZ. 

. Let A={at+bi:a,b €Z, a=bmod 2} . Show that A is a maximal ideal of Z[i]. 


. Find all prime ideals and all maximal ideals of Z,xZ,. 


. Find a maximal idealof ZxZ. 


. Find a non trivial properideal of Zx Z that is not prime. 


10. Show that <x°+1> is not a prime ideal of Z | : 


11. Show that (x) is anot a prime ideal in Z| | , (x) is a prime ideal but not maximal ideal in Z[x] 


and (x) is a maximal ideal in Q[ i 


Answers 
1. R={0,2,4,6} be a finite commutative ring under the operation modulo 8 and A = {0,4} isa 
maximal ideal but not a prime ideal. 


2. pZ, pis prime, is a maximal ideal of Z and {0} , pZ, p is prime, are prime ideals of Z. 


(2) ={0,2,4,6,8}, (5) = {0,5} are maximal and prime ideals of Z;, . {0} is maximal and prime 


ideal of Z,,. (2)={0,2,4,6,8}, (5) = {0,5} are maximal and prime ideals of Zo. 


ie {(0,0),(1,0)} and {(0,0),(0,1)} are both prime and maximal ideals. 


2.3 Quotient Ring 
Def. Let R bearing and U be an ideal of R, then we know that U is an abelian group under 
addition. Since the group (R,+) is abelian so U is a normal subgroup of R. Let R/U denotes the 
set of all distinct cosets of Uin R. ie. , R/U = {a +U :ae R} 
We define addition and multiplication in R/U as follows : 
(a+U)+(b+U)=(a+b)+U 
(a+U)-(b+U)=a-b+U for a+U,b+UseR/U 
Then, R/U is aring under these operations. This ring is knownas Quotient Ring of R w.r.t. U. 
Results : 
Let U bean ideal of aring Rand R/U bey the quotient ring of R w.r.t. ideal U , then 
1. If R is commutative then R/U is also commutative, but converse may not be true. 
2. If R has unity ‘1’ , then R/U has unity given by 1+U. 
3. If R is an integral domain then R/U may or may not be an integral domain.e.g. consider Z,5Z,6Z 
4. If R/U is an integraldomain then R may or may not be an integral domain. 
5. Z/nZ=Z,, 
6. If n is composite.then Z/nZ is with zero divisors and not an integral domain and hence not a field. 
7. Z/nZ isa field iff n is prime. 
8. If Risa ring with unity and U be an ideal of R then characteristic of R/U is either O or it divides 
characteristic of R. e.g., consider R=Z, and U ={0,2,4+ 
9. Thessubrings of R/U are of the form J/U where J is a subring of R containing U. 
10. The ideals of R/U are of the form J/U where J is an ideal of R containing U. 
11. An ideal M #R is a maximal ideal of Riff R/M is a simple ring. 


12. F M Result : Let R be a CRU and M be an ideal of R. Then ideal M is maximal iff R/M isa field. 
13. I P Result : Let R be a CRU and P be an ideal of R. Then ideal P is prime iff R/P is an integral 


domain. 
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: Z\i 2. @2 
14. The number of elements in =a +b*. 


VAR 
15. Let at+ibe Z[i] be any element, then Ee is a field iff a’ +b’ is either a prime or square of a 
ati 
prime of the form 4k +3. Further if a+ib does not satisfy any of the above condition then 
Zli]_. . . 
=— is not even an integral domain. 
(a + ib) 
if ged (a,b) =1 
> if gcd (a,b)=d > where a #0,b#0 


i" 


Z [1] 


Z, 
degree n then (F ) is a field of order p”. If f (x) is a reducible polynomial then 
x 


finite CRU of order p” but it is not an integral domain and hence not a field. 

20. Let p be a prime then Z[x]/(p) =Z,[x]. 

21.Let p be a prime and)f(x)¢Z[x]be an irreducible polynomial of degree n over Z, then 
(p.f (x)) is @fiaximal ideal of Z[x] and Z[x]/(p.f(x)) is a field of order p". If f(x) is a 


reducible polynomial then Z| x] i ( Df (x)) is a finite CRU of order p” but it is not an integral 
domain and hence not a field. 
22. By, above result, we can say that every finite field can be obtained by taking a quotient ring of 


Z{ x]. 


23. Order of a finite field is always p”, where p is a prime and 7 is a positive integer. 


24.Let F be a field and p(x),a(x),b(x)¢F[x]. If p(x) is irreducible over F and p(x)|a(x)-b(2), 
then p(x)|a(x) or p(x)|b(x). 


Ql] 


(F(x) 


26. The number of distinct prime ideals of 


25. The number of distinct ideals of is equal to the number of distinct factors of f ( ) ; 


_Qx] 
(F(x) 


is equal to the number of distinct irreducible 


factors of f(x). 


Exercise 2.3 
Construct the following quotient rings. Which of them are CRU, Integral domain and field. Also find 


characteristic in each case. 


1. Z/5Z 2. Z/6Z 


20. 


.. R/S where R={[a; 


dy € z\ and S$ ={[a, 


i 13x 


3x3 


23. R/S where R ={[4,],, aj € z\ and § ={[4;],., dj emZ} 


a b Oc 
24. ‘R/S where R= :a,be RR} and U = ce : 
0 0 0 O 


25. Construct the finite fields of following order : 


(i) 8 (i) 9 (iil) 16 (iv) 25 (v) 27 


26. How many numbers are there from 2 to 100 which can be the order of a finite field ? 


27. Find the number of ideals and the number of prime ideals in the following quotient rings : 
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28. Give an example of a ring R and its ideal U such that R is non commutative, without unity and 


with zero divisors but R/U isa field. 


Answers 


5Z,14+5Z, 2+5Z, 3+5Z, 4+5Z\ 


1,141, 24+1,3+1,44+ 1, 1=(2-i) 


. 
: {6 1, 1+6Z, 2+6Z, 3+6Z,4+6Z, 5+6Z\ 
= 
sd 


1,141,241, 341,441,541, 641, 7+1, 841, 9+}, 1=(3+i) 
{7,1+I}, 1=(1-i) 

. {E140 241,341,440}, 1=2+i) 

{E140 240,340, i+ L14i4+ 124+i4+13+i4+1}, AQP) 

8. {7,147}, 1=(1+i) 


{5734-24 5-14, 0,141,241341,....$, 0A x) 


. {L141}, 1=(2,x) =B 
.{a+bx+1:a,beZ\,1= 
.{ax+b+1:a,beZ}, I= 


. {ax +b+1:a,b DPI = (24° +1 =D 
fn 3 Feld 134 Doh T>(x) 
2 2 2° "2 


; {aeebx +I: a,b € Qh, 1={x? +1) 


bi 147}, 1=(14i) 


2.4 Ring Homomorphism 


Def. Homomorphism: Let (R,+,-) and (R',+,-) be tworings. A mapping f:R—R' is 
called a ring homomorphism if it satisfies the following properties: 
(i) f(atb)=fa)+ fo) 
(ii) f(a -b)= f(a): f(b) forall abeR. 
Remark : It should be noted that ‘+’ and ‘-’ on the left hand side of above two properties are of R 
and those on the right hand side are of R’. So if binary operations in anyone of R and)R’ are denoted 
by some other symbols, then they are to be used in above definition accordingly: 
Def. A mapping f ofaring R into aring R’ is called 
(i) anisomorphism if f is homomorphism, one — one and onto. 
(ii) a monomorphism if f is homomorphism and one — one. 
(11) an epimorphism if f is homomorphism and onto. 
Def. Isomorphic rings : Two rings R and R' are said to-be isomorphic if there exists an isomorphism 
f:ROR'. 
Def. Kernel of a ring homomorphism: Let f/f :R—R" bearing homomorphism , then 
Ker f ={reR :f (r)= 0}. 
Results : 
1. Let f:R—R' bearing homomorphism, then 
(i) f(0)=0' , where 0 and 0’ are additive identities of the rings R and R’ respectively. 
(i) f(-a)=—f(a) forallaeR. 


(iii) For any re R and any,positive integer n, f (nr)=nf (r). 


(iv) For any r €R and any positive integer n, f (-") = (f (r))" 


. Letf:R—R' bearing homomorphism and A is a subring of R, then f (A)= {f (a):ae A\ is 
a subring of R'. In words, homomorphic image of a subring is also a subring. 

. Letyf:R—R' bearing homomorphism and B is a subring of R' , then f'(B) = {re R:f(rje Bi 
is a subring of R. In words, inverse image of a subring is also a subring. 


. Let f :R—R' bearing homomorphism and A is an ideal of R then f(A) is an ideal of f(R). 


Here f(A) need not be an ideal of R'. Further iff is onto then f(A) is an ideal of R'. 
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. Let f :R—R' bearing homomorphism and B is an ideal of R', then f 1 (B) = {r ER: f(r)e Bi 


is an ideal of R. In words, inverse image of an ideal is also an ideal. 
. Let f:R—R' bearing homomorphism and if R is commutative, then f (R) is commutative. 


Further if f is onto then R' is commutative. In words, image of a commutative ring is also 


commutative. 
. Let f:R—R' bearing homomorphism and le FR be the unity of R, then f (1) is the unity of 

f (R). Further iff is onto then f (1) is the unity of R'. 

8. If f:R—R' bearing homomorphism , then Ker f is an ideal of R. 

9. Let f:R—R' bearing homomorphism, then f is one —-one iff Ker f ~~ if 

10. Any homomorphism of a field is either a monomorphism or takes each element into ‘0’. 

11. Let f : R—R' bearing homomorphism and le R behe unity of R, then f (1) is an idempotent 
element of R' 1.e., image of unity is always an idempotent element. 

12.If f :Z,,—>Z, bearing homomorphism, then the image’of | i.e., f (1) must be an idempotent 


element and additive order of f (1) must divide m. 


13. If n divides m and a is an idempotent of Z,,, then the mapping f (x) =ax is aring homomorphism 


from Z,, to Z,,. 


w(n)—w - 
14. The number of ring homomorphisms from Z,, to Z, is 2 oy , where w(a) is the number 


of distinct prime factorsvof a. 
15. Let f : R S9R»be a ring isomorphism then i is an isomorphism from R' ontoR. 
16. Fundamental Theorem of Ring Homomorphism : 
Let f :R—>R' be homomorphism, then R/Kerf = f(R) 
or 
Every homomorphic image of a ring is isomorphic to some quotient ring . 
17. If f:R—R' isonto homomorphism , then f (R) = R' and so above theorem takes the form 
R/Kerf = R’. 


18. Let R be a ring with unity e. Show that the mapping ¢:Z— R given by o(n) =ne is aring 


homomorphism. 
._ If R is a ring with unity and the characteristic of R is n > 0, then R contains a subring isomorphic 


to Z,. Ifthe characteristic of R is zero, then R contains a subring isomorphic to Z. 


.If Ris CRU then R[x]/(x)=R and R[x]/(x+a)=R where aeR. 
If Ris aCRU then R[x]/(x? +1) = R[i]. 
. If Ris a CRU then R[x, y|/(y+a)= R[x]. 


. First theorem of isomorphism : Let R be a ring and S, T are ideals of R such that S CT then 


. Second theorem of isomorphism : Let R be a ring and S,7 are ideals of Rithen 
(S4+T)/S=TI(SOT). 

. If Fis a finite field of characteristic p then the function f : F + Fydefined by f (a) =a? isan 
isomorphism. 

. Let n>1 be a positive integer then there are atleast two non iSomorphic rings of order n. e.g. 
(Z,,,+,.%,) and (Z,,,+,,°) where a-b=0 forall abeZ,,. 


. There are eleven non isomorphic rings of order 4. 


Exercise 2.4 


. Show that the mapping f : CC defined by f(a+ib)=a-—ib is a homomorphism. 


. Let R= {a +V5b :d.be Z} be a ring under usual addition and multiplication of real numbers. 


Define ¢: ROR by g(a +/5b) =a—J5b .. Show that @ isahomomorphism of R onto R’ 


and its kernel consists of 0 only ie. Kerg={0}. 


. Determine all ring homomorphisms from R to R. 


Show that the mapping ¢: Z— Z,,, given by (x) =xmodm, where m is any positive integer, is 
a ringyhomomorphism. 

Describe all ring homomorphisms from Z¢ to Z,¢. Determine all ring homomorphisms from Z 4 
to Z3. 


Determine all ring homomorphisms from Z to Z. 


Determine all ring homomorphisms from Q toQ. 


Determine all ring homomorphisms from ZxZ to Z. 
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b b 
. Let R= {s :a,beE zh and let @ be the mapping that takes ; | to a—b. 
a a 


(i) Show that ¢ is ahomomorphism 

(ii) Determine the kernel of ¢. 

(iii) Show that R/Ker@ is isomorphic to Z. 
(iv) Is Ker ¢ a prime ideal ? 


(v) Is Ker ¢ a maximal ideal ? 


Answers 
. The zero map and the identity map. 
f (x) =ax,ae {0,1,3,4} : f (x) =ax, ae {0,6,15,21} 
The zero map and the identity map. 
The zero map and the identity map. 


f (a,b) =x, xe {0,a,b} 


i aa : 
(ii) Kerg= { :ae z| (iv) yes (v) no 
aa 


2.5 Embedding of rings and quotient fields 
Def. Imbedding of a ring into another ring : A ring R is said to be imbedded ina ring R’ if there 
exists amapping ff”: RR’ such that 
(i) f is homomorphism 
(ii) f is one — one 


We then.say that R’ is an extension ring or over ring of R. 


Remark ; Since f : R—R’ isa homomorphism and one — one mapping , if we consider 
f : R— f(R) then it obviously becomes an isomorphism . Thus R is isomorphic tof (R) and 


Ff (R) isa subring of R. 


Results : 
1. A ring without unity can be imbedded into a ring with unity. Let R_ be a ring without unity. 
Consider the set Rx Z where Z is the ring of integers. Define ‘+’ and ‘.” on Rx Z as: 
(r,n)+(s,m) = (r+s,n+m) 
(r,n).(s,m) = (rs +ns + mr,mn) 


Then it can be proved that Rx Z is a ring under these two operations. 


Now we claimthat R’ =Rx Z isa ring with unity. 


Let 0 be zero element of R then (0, 1) E€Rx Z , where le Z 
Let (a,m) € R’, then we have 
(0, 1)(a,m) =(0.a+0.m+1.a,l.m) = (a,m) 
(a,m)(0,1) =(a.0+a.1+m.0,m.1) = (a,m) 
=> (0, 1) is aunity of R’ .So R’ is aring with unity. 
Now , we claim that R can be imbedded into R’. 
Define a mapping f : RR’ bysetting f(r)=(r,0) forallreR 
(i) f is homomorphism: Let r, se R be any two elements, then 
f(r+s) = (r+s,0) 
= (7,0) +(s,0) = f(r f(s) 
and f (rs) =(rs,0) = (rs +0.5+ 7.0,0) 
= (7,0).(s, =f (7).f(s) . 
(ii) fis one — one: Let rand s be any two elements of R such that 
fM=fs) => (7,0) =(s,0) 
=> r=s 
So f is one — one homomorphism. 


Hence , R is imbeddédunto R’. 


2. Every integral domain can be imbedded into a field. 

Proof:Let D be an integral domain with at least two elements and let 
Do = {xeED : x #0} = D-{0} 

Consider the set, DxD, = {(a,b) :aeD,beD,} 

Define a relation ‘~’ on DxD, as (a,b)~ (c,d) iff ad = be 

We claim that ‘~’ is an equivalence relation. 


(i) Reflexivity : Let (a,b)e DxD,. Since D is commutative , so 
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ab=ba = (a,b)~ (a,b). 

Gi) Symmetry: Let (a,b)~(c,d) = ad=bc 

=> cb=da => (c,d)~(a,b). 
(iii) Transitivity: Let (a,b)~(c,d) and (c,d) ~(e, f) 

— ad=bc and cf = de 

Now ad = bec => adf=bcfi => adf =bde [Since cf =de] 

= daf = dbe 

=> d(af—be) =0 
But d#0 and D is without zero divisors, so af -—be=O0 => af =be 
> (a,b) ~ (e, f) 


‘ 


Hence , ‘~’ is an equivalence relation on Dx D, .Therefore it partitions the set Dx D, into 


equivalence classes and let ; denotes the equivalence class towwhich (a,b) belongs 


ie. _ = {(x,y)€DxD, : (a,b) ~ @y)} 


Let F be the set of all equivalence classes defined above , i.e. 


F= (WED, be Dy) 


Let us define two operations ‘+’ and *.” on F as 


a c ad+be a c_ ac 
+ — ge and —.-—=— 
bd bd b d_ bd 
We show that addition and multiplication in F are well defined. 
(i) Addition is well defined: Let “ =“ and © = & 
b d d 


ab’ =ba' and cd =<c'd 
ab'dd'=ba'dd' = and ___bb'cd' = bb'dc' 
ab'dd' + bb'cd' = ba'dd' + bb'dc' 
adb'd' + bcb'd' = a'd'‘bd + b'c'bd 
(ad +bc)b'd' =(a'd' +b'c')bd 
ad+be _a'd'+U'c' 
bd b'd' 


’ ’ 
a Cc a Cc 


+—=—4+—. 
Ds: ee sa! 


a 


(ii) Multiplication is well defined : Let 


ab'=ba' and cd'=dc' 
ab'cd' = ba'dc' 
(ac)(b'd') = (a'c')(bd) 


vor 


ac ac 
bd b'd' 
a Ca 
bd bi d' 


Now, we claim that Fis a field. 


=> 


(1) Fis closed under addition: Let 7 ; 7 e€F, then 


Now, since a,b,c,d€D => ad+bc€D 
: : : : ad +bc 
Also b#0 , d#0 = _ bd #0, since Dis an integral domain. Hence bd EF. 


c he 
, — € F, then 


d’4 
cf +de 
df 


(2) Addition is associative : Let ; 


: é 
+ 


_ adf +b(cf +de) 
b(df) 
adf +bcf +bde 
~ baf 
_ (ad tbe) f +(bd)e 
. (bd) f 


[“e) e (¢ “) e 
= | —— |+— = |—4+—]4+—-. 
bd fi b d) f 


(3) Existence of additive identity : Let ; EF. For k(#0)eD_. Consider 7 F 


0 ak +0.b 
Now, +— = = 
k b.k b 


_Ob+ak 


and 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 45 


Hence, i is additive identity of F. 


(4) Existence of additive inverse : Let ; eF,then aeD > -aeD 


: —a 
Consider the element ss €F, then we have , 


ab—ab 0 
_ 7 = 


“a a 


b b 


-—a. ee a 
So, 5 is additive inverse of — 


(5) Addition is commutative : 


a,c _adtbe _ cb+da _ 


bd bd db 


is closed under multiplication : Let —, — €F, then —. — =— 
(6) Pieebedind fasteaionet a c Way ©.“ 
b d b d_ bd 


Now, since a,cE€D => aceD 


Also b#0 , d#0 = _ bd #0 ¥ since Dis an integral domain. Hence a EF. 


(7) Multiplication is Associative : Let 


Ge 6) 2 OMe) fae 2 Mae. 
b\df b\ df bidf)  (bd)f bd’ 
(8) Multiplication is distributive over addition : Let 


Then.we have , 


a@ic¢,e)_4 cft+de) — a(cft+de) _ acf +ade 
lad f) bl df J bdf) _ bdf 
_ac ae achf +aebd _(acf +ade)b _ acf +ade 
bd bf  bdbf (bdf)b  —_—cibdf 


Thus : ; . So multiplication is left distributive over addition . 


Similarly , we can prove that multiplication is right distributive over addition . 


(9) Existence of unity: Let ‘ EF. For k(¥0)eED, ve F 


Now , = = and 


kes 
bk b 
ae ateacd oe : 
Hence : is multiplicative identity of F. 


; ate od i a . ae 
(10) Existence of multiplicative inverse : Let b be any non — zero element of. F i.e. 9 y 


(k#0),then a#0. Take Poe then 
a 


ab ab ab ba _ ba_ ab 
= = and = = 
ba _ ba _ ab ab ab ab 


b., Bastin 8 a 
Hence — is multiplicative inverse of pe 
a 


11) Multiplication is commutative : Let as : x EF 
( p ae 


ac _ ca _C a 
bd4 db. d b> 


then ‘ = 


Hence F isa field. This field is called the field of quotients or quotient field of the integral domain D. 
We shall prove that F is.the field we are searching i.e. D is imbedded in F . Before doing so we first 


notice that if b#0,c #0 in Dtthen ° ae because (ab)c = b(ac) i.e. (ab,b) ~ (ac,c) . Let us denote 
Cc 


Now wedefine’ ¢ : DF bysetting ¢(a) =, for allaeD. 


(i) @ ishomomorphism: We have, 


a+b al+bl1 a 
+b = = = 
eer 11 1 


2 
1 


= $(a) + 4(b) 


aid: Bap Oe if 


i = $(a).(b) 


Hence @¢ is homomorphism 


(ii) @ isone—one: Let a and b be two elements of D such that 
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p(a) = (bd) 
a b 
=> os —s 
1 1 

= a = b.So @ is one-one 


Hence D is imbedded into F. 


Def. Quotient Field : The quotient field F of an integral domain D is defined as 
a 
F= ¢ : a,beD and bo} ; 


3. Let D; and D2 be two isomorphic integral domains and let F, and F, be their respective fields of 


quotients , then show that F; and F, are also isomorphic. 
Proof: Let D; and D2 be isomorphic integral domains so that there exists a mapping ¢ : D, >D, 
which is ring isomorphism. 


Now F; and F, are quotient fields of D; and D>» respectively so by definition of quotient field, we 


have F, = \ : a,beD, and b20} 


> x,yeD, dasy 0} 


We define amapping y : KF, bysetting yw (<| = a : 


(i) yw is homomorphism»; Let and - be any two elements of F; , then we have 


a ([“ me) 
YC bd 
_ o(ad +bc) 
p(bd) 


_— 9494) +4O)OO 
$(b)b(d) 


_ $4 $0) _ v( 
o(b) 9(d) 


[Since ¢ is homomorphism] 


plac) _ p(a)g(c) _ $a) oC) 


~ Glbd) Gd) G(b) (a) 


= y is a homomorphism. 


(ii) w isone—one: Let ; and 3 be any two elements of F; such that 


ob) od) 


=> $a) $(d) = $(b)G(c) 
=> p(ad) = o(bc) [Since ¢ is homomorphism] 
> ad =bc [Since @ is one — one] 
=> 
So, w is one — one. 
(iil) yw is onto: Let ~e F, be any arbitrary elementythen_ x,y ¢D2 and y#0. 
y 
Since @ is onto , so there exist a ,b €D, such that 


g(a) =x and gb) = y, b¥0 


=> © EF, and (S| _\G(a) _ x 
b b gb) y 


Thus ; is pre-image of * under y andso y is onto. 
Bi 


Hence F; is isomorphic to Fy. 

4. Field of quotients of an integral domain is unique upto isomorphism. In other words, if F,; and F» 
are two field of quotients of an integral domain D, then F =F,. 

Proof: Let F; ‘and F, be two field of quotients of an integral domain D , then since D=D 

So, by last theorem, F =F,. 

Hence field of quotients is unique upto isomorphism. 

5. The field of quotients of the integral domain Z is Q. 


6. The field of quotients of the integral domain Z[i] = {a+ib : a,beZ} is Q{i] : 


7. The field of quotients of an integral domain D is the smallest field containing D. 


8. The field of quotients of a field is equal to itself. 
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The number of prime ideals of Zj, is 


1. 1 2. 0 
eae 4.5 


The number of prime ideals of Z 3 is 


Le 2 2D 
3 10 4. 10000 


. Let R be a ring and M is an ideal of R, then 

. If Mis maximal ideal then it is prime 
ideal. 

. If M is prime ideal then it is maximal 
ideal. 

. Both (a) and (b). 

. Neither (a) nor (b). 


The number of homomorphism @: Z5; > Z9 


| 2. 2 
4 4.5 


If f:R[x]>C as f (p(«)) = p(i), where 


R[x] is a polynomial ring over R, then 


1. f is not homomorphism 
2. f is homomorphism and Ker f = (x=1) 


3. f is homomorphism and Ker f = (7 +1) 


4. f is homomorphism and)Ker f = (7 -1) 


. Let (E,+,-) be the ring of even integers and 


A={4n:n € Z}, then which is/are correct 


Ly A is an ideal. 

Il, A‘s prime ideal. 

I. Avis maximal ideal. 

1. Ionly 2. I and II 

3. TandIonly 4. I, I and Ill 


The number of elements in the field 


I. 2 pee 


3. 5 4. © 


Let F be a finite field. If f:F > F,, given by 
f (x) =x isa ring homomorphism, then 


i we. 
3Z, 


2. F -= or characteristic of F =3. 


4. characteristic,of F is 3. 


Let R[x] be the polynomial ring in x over R 


and let-1= (7 + 1) be the ideal generated by 


the polynomial x* +1 in R[x]. Then 


1. is a maximal ideal. 

2. lisa prime ideal but not a maximal ideal. 
3. 7 i$ not a prime ideal. 

4. R[x] /7 has zero divisors. 


(GATE 2007) 


._ If Sis a finite commutative ring with unity 1, 


then 

1. each prime ideal is a maximal ideal. 

2. S may have a prime ideal which is not 
maximal. 

3. Shas no non-trivial maximal ideals. 

4. Sisa field. 


. Let J, =(x7 -3| and 


I, ={f (x)eZ,, [x]: f (2)=0} be two ideals 
of Z,, [x] . Then 


1. J, and J, both are maximal. 


. J, is maximal but /, is not. 


2 
3. J, is maximal but /, is not. 
4 


. I, and J, both are not maximal. 


12. Let f (x)=2° -9x7 +9x+3. Then, f (x) is 


1. irreducible over Q but reducible over Z,. 


2. irreducible over both Q and Z,. 
3. reducible over Q but irreducible over Z,. 
4. reducible over both Q and Z,. 


Let f (x) =x? +4x* 442° +4x7 +.x4+1. Then, 


the zeros of f(x) over Zs are | and 3 with 


respective multiplicity 
1. 1 and4 2. 2 and 3 
3. 2 and 2 4. 1 and2 
(GATE 2007) 


R such that f (x+iy)= x. Then, 


Ry 


Rg 


x+iy:x and yarenonzero} 


. Let R= {Sa E Z,bisou| . Then, R is a 


ring such that 
1. R has unique maximal ideal 


I -{fer : ciseven}. 


2. R has infinitely many maximal ideals. 

3. Rhas finitely many but more than one 
maximal ideals. 

4. R has no maximal ideal. 


. The field of quotients of theintegral domain 
Z is: 

1. Z pS) 

3. R 2 a 


Let 1 fel Br ee ee 1) be the ideal in 


Z| x] and F =Z,[x]/1 . Then, 


1. Fis an infinite field. 

2. Fis a finite field of 4 elements. 
3. Fisa finite field of 8 elements. 
4. F isa finite field of 16 elements. 


. Let the set Z/nZ denote the ring of integers 
modulo n under addition and multiplication 
modulo n. Then, Z/9Z is not a subring of 
Z112Z because 


. The number of elements in 


1. Z/9Z is nota subset of Z/12Z. 
2. G.C.D.9, 12)=3 41 
3. 12 is not a power of 3. 
4. 9 does not divide 12. 
(GATE 2005) 


Z1[x] 
(7 +1) 
1. 11 2. 121 


3. 1331 4. None of these 


is 


.Ifpisaprime and Z , denote the ring of 
P 


integers modulo p* , then the number of 
maximal ideals insZ 4 is 

P 
1. 4 po, fd 


3.3 4.1 
(GATE 2001) 


. The,polynomial f (x) =x°+5 is 


1. irreducible over C 
2irreducible over R 
3. irreducible over Q 
4. 


not irreducible over Q 
(GATE 2001) 


. Which of the following is not a prime ideal of 


Z 
1. 2Z 
3. 5Z 


. Which of the following is not a field ? 


1. Z/2Z 2. Z/3Z 
3. Z/4Z 4. Z/ISZ 


.Let R=ZxZxZ and I =ZxZx{0}. Then, 


which of the following statement is correct ? 

1. is a maximal ideal but not prime ideal 
of R. 

2. [is a prime ideal but not a maximal ideal 
of R. 

3. Tis both maximal as well as prime ideal 
of R. 

4. [is neither a maximal ideal nor a prime 
ideal of R. 

(GATE 2012) 
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25. Let m and n be coprime natural numbers. 
Then, the kernel of the ring homomorphism 
¢:Z>Z,,xZ,, defined by $(x) =(X,x), is 
1. mZ 2. mnZ 
3. nZ 4. Z 

(GATE 2002) 


. Let C [0,1] be the set of all continuous 


functions defined on the interval [0,1] . On this 
set, define addition and multiplication 
pointwise. Then, C [0,1] is 


1. group but not a ring. 

2. aring but not an integral domain. 

3. a field. 

4. an integral domain but not a field. 
(GATE 2003) 


. Set of multiples of 4 forms an ideal in Z, the 
ring of integers under usual addition and 
multiplication. This ideal is 
1. a prime ideal but not a maximal ideal. 

2. a maximal ideal but not a prime ideal. 
3. both a prime ideal and a maximal ideal. 
4. neither a prime ideal nor a maximal 
ideal. 
(GA TE.2003) 


b 
. Let § -{° | : a,b,c | be the ring 
Cc 


under matrix addition and multiplication. 


0 Pp 
Then, the subset :pe 1S 
0 0 


. not an ideal of S. 
2. anideal but not a prime ideal of S. 
/ is a prime ideal but not a maximal ideal 
of S. 
. isa maximal ideal of S. 
(GATE 2004) 


. Which of the following is a maximal ideal of 
the ring (P(N),A,9) 
1. P(A) where A={5,6,7,8,....} 


2. P(A) where A ={4,5,6,7,....} 
3. P(A) where A= {3,4,5,6,....} 
4. P(A) where A ={2,3,4,5,....} 


30. Which one of the following ideals of the ring 
Z [i | of Gaussian integers is not‘maximal ? 
1. (+i) 2. (1-i) 
3, (2+i) 4. (34i) 
(GATE 2009) 


. Consider the polynomial ring Q[x] . The ideal 


of Q[x] generated *by“x” —3 is 
1. maximal but not prime. 
2. prime but not maximal. 
3. both maximal and prime. 
4. 


neither maximal nor prime. 
(GATE 2010) 


32. For the rings L = al 
(? -x+1} 


wa BEL, ye BE 
(x +x+1} (x +2x-+1) 
one of the following is true ? 
1. Lis isomorphic to M ; Lis not 
isomorphic to N ; M is not isomorphic to N. 
2. M is isomorphic to N ; M is not 
isomorphic to L ; N is not isomorphic to L. 
3. Lis isomorphic to M ; M is isomorphic to 
N. 
4. Lis not isomorphic to M ; Lis not 
isomorphic to N ; M is not isomorphic to N. 
(GATE 2011) 
If Zi | is the ring of Gaussian integers , the 


zi 
G-i) 


. Which 


quotient is isomorphic to 


Z i 
3Z 

ce cee 
Z 10Z 


1. 


a 


34. The number of maximal ideals in Z>7 is 


1. O 2B 1 
3. 2 4. 3 
(GATE 2008) 
. Let f (x)=x° +2x° +land g (x)=2x°+x+2. 
Then over Z 03) 
. f (x) and g(x) are irreducible. 
. f (x) is irreducible, but g(x) is not. 
. g(x) is irreducible, but f (x) is not. 
. neither f(x) nor g(x) is irreducible. 
(CSIR NET June 2012) 


. The number of non trivial ring 
homomorphisms from LZ 3) toZ (28) is 


1. 1 23a es 4.7 


(CSIR NET June 2012) 
. Let R be the ring 


Z[x]/((x? +x+1)(x° +x+1)] and J be the 


ideal generated by 2 in R. What is the 
cardinality of the ring R/I ? 

1. 27 2. D2 

3. 64 4. Infinite 


(CSIR NET June 2015) 
. Which of the following is an irreducible factor 


of x'’*-1 over Q ? 

1. xP 4x74] 

je ae 

3. a a 

4, xr —xt 493-0? 42-1 

(CSIR NET Dec 2015) 

. How many elements does the set 
{zeClz® =-I, z #-1 for 0<k <60} 
have ? 
1» 24 
cy 


2. 30 
4. 45 
(CSIR NET June 2015) 


. What is the cardinality of the set 
{zeC|z*=1and z" #1 for any 0<n<98}? 
1,0 es Ae 


a, 42 4, 49 
(CSIR NET Dec 2015) 


41. Let p be a prime number. How many distinct 


2 


sub-rings (with unity) of cardinality p does the 
field Fa have? 
1. 0 2; id 
3. p 4. p° 
(CSIR NET June 2016) 


. Consider the ideal J = (x? +1, y] insthe 


polynomial ring C(x, y| . Which of the 


following statements is true ? 

1. J is a maximal ideal 

2. I is a prime ideahbut not amaximal 
ideal 

3. I is a maximaLideal! but not a prime 
ideal 

4. I is neither a prime ideal nor a maximal 
ideal 

(CSIR NET June 2017) 


. If Ris a finite field of characteristic p, then 


givenany be R, dae Rsuch that 
bya? =b 2, a? =b=1 
3. a? =b! 4. None of these 


. If Sand T are two ideals of a ring R, then 


1. 


Which of the following is/are correct ? 

1. Field of quotient of a finite integral 
domain D is D itself. 

2. The quotient field F of an integral 
domain D is the largest field containing D. 

3. Quotient field of the integral domain 
Ls = {0,1,2,3,4} is Zs. 

. The field of quotient of the integral 

domain Z of integers is R. 
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. If R is acommutative ring with unity and J be 

any ideal of R, then 

1. If 7 is maximal, then R/J is a field. 

2. If Jis maximal, then R/J is an integral 
domain. 

3. If/is prime ideal, then R/J is an 
integral domain. 

4. If Jis prime ideal, then R/T is a field. 


. Let R be a commutative ring with unity. If 
every ideal of R is prime, then 

1. R is an Integral Domain. 

2. Ris not an Integral Domain. 

3. Risa field. 

4. Ris not a field. 


. Which of the following is maximal ideal ? 


i {fecloutl:f 


2. 4 feC(0,1]: f 


4. 3 feCc[0,1]: f 


yecl 
+ {pectoal 
rect 


. Let f:F +R bea homomorphism of a field 

F into a ring R, then 

1. f is one one. 

2. f is trivial homomorphism: 

3. either f is one one or it 1s the trivial 
homomorphism. 

4. f is anon trivial homomorphism. 


. Le< P(x)> denote the ideal generated by 
the polynomial p(x) in Q[x]. If 
f (x)ea? +x°+x41 and 
g(x)=x° —x°+x-l, then 
L, < f (x)>+<g(x)>=<x°+x> 
2. <f(x)>+<g(x)>=< f(x)-g(x)> 
( 


3. <f(x)>+<g(x)>=<2'+1> 


4. < f(x)>+<g(x)>=<x*-1> 
(CSIR NET June 2011) 


. Let J, be the ideal generated by x* +1 and J, 


be the ideal generated by x° —x*+x—1 in 
Q[x]. If R, =Q[x]//, and R, = Q[x)/7,, 
then 

1. R, and R, are fields. 

2. R, 1s a field and R ,“is not a field. 

3. R, is an integraldomain, but R, is not 


an integral domain. 
4. R, and R, are not integral domains. 


(CSIR NET June 2011) 


5 Let Z(i] denote the ring of Gaussian integers. 


For which of the following values of n is the 

quotient ring Zii | /nZ [i | an integral domain ? 

L2 2: 13 3: 19 4.7 
(CSIR NET Dec 2011) 


. Let R =Q[x] /I where J is the ideal generated 


by 1+.x”. Let y to the coset of x in R . Then 
1. y* +1 is irreducible over R 

2. y’+y+l is irreducible over R 

3. y’—y+l1 is irreducible over R 


4. y’+y’>+y-+41 is irreducible over R 
(CSIR NET June 2012) 


Let f(x)=2° +2°4+x+1and g(x)=x° +1. 


Then in Q[x]. 
(x) =x+1 
(=) =x*-1 
(x) 
(x) 


x =p 47 47° 41 


- 
io 
f 
f =e 43° 43° 42° +1 
IR NET June 2012) 


Xx 


. For a positive eet n, let 


f, (x)ax7? +x"? +...4x+1. Then 


. f,(*) 1s an irreducible polynomial in 


x) is an irreducible polynomial in 


(x) 
[x] for every positive integer n. 
(x) 
[=] 


Q 
de 
Q|x| for every prime number p. 
i‘ (x) is an irreducible polynomial in 
Q[x] for every prime number p and 
every positive integer e. 
a (x” - is an irreducible polynomial 
in Q[x] for every prime number p and 


every positive integer e. 
(CSIR NET Dec 2012) 


. Consider the polynomial 
f(x)=x" —x°+14x*+5x+16. Also fora 


prime number p, let F, denote the field with p 


elements. Which of the following are always 

true ? 

1. Considering fas a polynomial with 
coefficients in F,, it has no roots in 


. Considering fas a polynomial with 
coefficients in F,, it is a product of two 


irreducible factors of degree 2 over F,. 


. Considering f as a polynomial with 
coefficients in F,, it has an irreducible 


factor of degree 3 over F.. 


. fis a product of two polynomials of 
degree 2 over Z. 
(CSIR.NET Dec 2012) 


. For a positivednteger m, let a,, denote the 
number of distinctyprime ideals of the ring 
Ql] 
(=) 
Ly ag=2 2: Qp=3 
3. “as=2 4. a,=3 
(CSIR NET Dec 2012) 


. Then 


15. Which of the polynomials are irreducible over 


the given rings ? 

lL. x°+3x*+9x+15 over Q, the field of 
rationals 

2. x°+2x?+x+1 over Z/7Z, the ring 
of integers modulo 7 


3. x +x°+x+4+1 over Z, the ring of 
integers 
4, x*4+x°+x°+x+1 over Z, the ring of 
integers 
(CSIR NET June 2013) 


. Let R be a non zero commutative ring with 


unity 1, . Define the characteristic,of R to be 


order of 1, in (R,+) if it is finite.and to be 0 if 


the order of 1, in (IR,+)4s infinite. We denote 


the characteristic of R.by char(R). In the 


following, let R and S be non zero 


commutative rings with unity. Then 


1. char(R) is always a prime number. 


2. If.Sissaquotient ring of R, then either 


char(S) divides char(R), or char(S) = 0. 


3. If S is a subring of R containing 1, 


then char(S) = char(R). 


4. If char(R) is a prime number, then R is 
a field. 


(CSIR NET Dec 2013) 


Let f (x)=x° + 2x°+x—-1. Determine in 


which of the following cases fis irreducible 
over the field k. 
1. k=Q, the field of rational numbers. 


2. k=R, the field or real numbers. 

3. k=F,, the finite field of 2 elements. 

4. k=F,, the finite field of 3 elements. 
(CSIR NET Dec 2013) 


Let f (x)=x" +3x° -9x° +7x+27 and let p be 


a prime. Let f,(x) denote the corresponding 
polynomial with coefficients in Z/ pZ.Then 
1. f,(x) is irreducible over Z/2Z. 
2. f(x) is irreducible over Q. 
3. f(x) is irreducible over Z/3Z. 
4. f(x) is irreducible over Z. 

(CSIR NET June 2014) 
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. x —3x44+2x° —5x+8 over 
19. Let R[x] be the polynomial ring over R in . x 4+2x?+x+lover Q 


one variable. Let J < R[x] be an ideal. Then . x°+3x*-6x+3 over Z 


1. Jis a maximal ideal iff J is a non zero . x'+x°+lover Z/2Z 
prime ideal (CSIR NET June 2015) 
2. Tis a maximal ideal iff the quotient ring 


R[x] /TI is isomorphic to . Let A denote the quotient ring Q| x |/ (x 2 i 


3. is a maximal ideal iff J=(f (x)), Then 
1. There are exactly three distinct proper 


ideals in A. 


irreducible polynomial over 2. There is only,One prime ideal in A. 
3. A is an integraldomain. 


. Let f,g bein Q[ x] such that 
f @=0 inA. Here f and zg denote 
(CSIR NET Dec 2014) the image of f and g respectively in A. 


20. Let C([0.1]) be the ring of all real valued wet’ (0) 8 (0) =0. 
(CSIR NET Dec 2015) 


where f (x) is a non constant 


4. [is a maximal ideal iff there exists a 
non constant polynomial f(x)eJ of 


degree <2 


continuous functions on [0,1] . Which of the 
following statements are true ? yWhich of the following quotient rings are 
eC ([0.1]) is an integral domain. fields ? 
. The set of all functions vanishing at 0 is 1B [x] (x? ee 1) » where KF, is the 
a maximal ideal. finite field with 3 elements. 


. The set of all functions vanishing at both : Z| X | - ( XxX —3) 
0 and 1 is a prime ideal. 


. If f €C([0,1]) is such that ( f (x)! =0 


for all xe [0,1] for some n>1, then 


. Q[X]/(X? +X +1) 
B [X]/(X7+X +1) where F, is the 


2. 


finite field with 2 elements. 

f (x)=0 for all-xe[0,1]. (CSIR NET Dec 2015) 

(CSIR NET June 2015) Let f(x) eZ[x] be a polynomial of degree 
> 2. Pick each correct statement from below : 
1. If f(x) is irreducible in Z[x], then it 
onevvariable with integer coefficients ? ge Q| ; 
| ows) 2. If f(x) is irreducible in Q[x], then it 
2. De (x41) + (x41) +(x41) + (x41) is irreducible in Z[x]. 
3, Fxt x +x txt 3. If f (x) is irreducible in Z| x], then for 


2a ae E+) 
4. 1+ x+x°+x ies Fanernis) all primes p the reduction f(x) of 


21. Which of the following polynomials are 
irreducible in the ring Z[x| of polynomials in 


f (x) modulo p is irreducible in F. | x]. 
22. Determine which of the following polynomials A If f (x) #eeducible ai Z[x] hen has 
are irreducible over the indicated rings. , 


irreducible in R[x]. 
(CSIR NET June 2016) 


26. Let R be a finite non-zero commutative ring 
with unity. Then which of the following 
statements are necessarily true ? 

1. Any non-zero element of R is either a 
unit or a zero divisor. 

. There may exist a non-zero element of 
R which is neither a unit nor a zero 
divisor. 

. Every prime ideal of R is maximal. 

. If R has no zero divisors then order of 
any additive subgroup of R is a prime 
power. 

(CSIR NET Dec 2016) 


. Let R={f : {1,2,...10} > Z,} be the set of 
all Z.,-valued functions on the set {1,2,...,10} 


of the first ten positive integers. Then R is 
commutative ring with pointwise addition and 
pointwise multiplication of functions. Which 
of the following statements are correct ? 
1. R has a unique maximal ideal. 
2. Every prime ideal of R is also maximal. 
3. Number of proper ideals of R is 511. 
4. Every element of R is idempotent. 

(CSIR NET June 2017) 


. Which of the following polynomials are 
irreducible in Z [x] ? 
1. x*+10x+5 2. « p2x+1 


3. xt 4x7 41 44x41 
(CSIR NET June 2017) 


2ni 
Let z=e7 and let 0=z+z7+z*. Then 


._ MEQ 
: 0€Q(vD) for some D>0O 


: 02Q(VD) for some D<0O 
. GeiR 


(CSIR NET Dec 2017) 
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3.1 Principal Ideal Domain (P.I.D) 


Def. Ideal generated by a set : Let S be any subset of a ring R. An ideal A of ring R is said to be 
generated by S if it is the smallest ideal containing S. We denote this fact by A= (S ) or (S ) : 


Def. Principal Ideal : If we take S = {a} in above definition then we denote (S) by (ay or (a) 
and such an ideal is called a principal ideal. In other words, an ideal A of R is said to.be principal 
ideal if it is generated by a single element of Rie. A= (a) forsome aeR. 
Def. Principal ideal ring (P.I.R.) : A ring R is said to be a principal ideal ring ifevery ideal of R is a 
principal ideal. 
Def. Principal Ideal Domain (P.I.D.) : An integral domain R is called a principal ideal domain if 
Every ideal of R is a principal ideal. 
Remark : An integral domain R is not a P.I.D. if there exists an ideal J of R which is not a principal 
ideal i.e., J is not generated by a single element. 
Results : 

. Every simple ring with unity is a P.LR. 


ZxZ is not a principal ideal ring as Z x Z itself is not generated by a single element. 
. Z isaP.1.D.: Since all the ideals of Z as,of the form nZ which is generated by n i.e., nZ=( ) ; 
. Every division ring is a P.LR. 
. Every field is a P.I.D.: Since the only ideal of F ( field ) is {0} and F and {0}=(0) and F =(1). 
: Z| x] is not a P.I.D. 
First Proof : Itas.sufficientto show that there exist at least one ideal in Z[x] which is not a principal 


ideal. 


Consider the ideal B= < 2,x>= {2 f(x) +xg(x): f(x), g(~e Z[x]} 


Weclaim that B is not a principal ideal , but first we prove that B 4 Z[x]. 
Let , if possible , let B= Z[x| the since le Z |x] so leB 

> l=x f(x)+2g2(x) 

> l= x(a,+a,x+ 


=> 1=2b, which is not possible for any integer b,. 


Hence B#Zx]. 


Now let , if possible, let B be a principal ideal generated by k(x) where k(x) € Z [x] 


Clearly, x,2€B=(k(x)) 


=>  x=k(x)h(x) for some h(x) €Z[x] 
and 2=k(x)t(x) for some t(x) €Z[x] 
Multiplying (2) and (3), we get. xk(x)t(x)=2k(x)h(x) 
= xt(x) = 2h(x) 
= Each co-efficient of f(x) is an even integer. 
= t(x)=2r(x) for some r(x) €Z[x] 
So by (3), we have 2 =2k(x)r(x) 
1=k(x)r(x) 
le(k(x))=B 
B =Z/.x], which is a contradiction to (1). 


Thus , our supposition is wrong. Hence Z [x] is not principal ideal domain. 


. If F isa field then F [x] isa P.I.D.e.g. Q[x] F R[x] »C[ x] Z, [x]are P.LD. 


. MP 4 Result : In a PID, every non Zero ideal is maximal iff it is a prime ideal. 
. Converse of above result is not true i.e., if every non zero ideal in a ring R is maximal iff it is 
prime, then it is not necessary that R is a P.I.D. e.g., consider the ring P(N) : 
. Second proof of the fact that Z[x| is not a P.I.D. : We know that the ideal (x) is a non-zero prime 
ideal of Z[x| buttis not a maximal ideal, so by M P 4 Result, Z [x] cannot be a P.I.D. 
10. P F 2 Result : If R is a CRU such that R[x] is a P.I.D. then R is a field. 
11: Third proof of the fact that Z[x] is not a P.I.D. : We know that Z is a CRU and if Z[x] isa P.I.D. 


then by P F 2 Result, Z must be a field, which is a contradiction. 


12. If F is a field then F[x,y] is nota P.I.D. 


13. If R is a P.I.D. and S be a subring of R containing unity then S may or may not be P.LD. e.g., 
consider Z[x] = Q[x] and Zc Q. 


14. Let R be a P.I.D. and F be the quotient field of R. If K is a subring of R such that RC K CF then 
KisaP.LD. 
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15. Let R be a ring and let J, CJ, c = be an ascending chain of ideals of R then (J, is an 


ideal of R. 


16. Let R be a P.I.D. and let J, C1, Cc... ¢ be an ascending chain of ideals of R then there 


n 
exists a positive integer r such that /,=/,,,=J/,,, =...... In words we can say that insa)P.I.D. 


every ascending chain of ideals becomes stationary after a finite number of steps. 


Exercise 3.1 


Which of the following are principal ideal domain? Justify your answers. 


2. Q 3. R[x] 4. C(x] 5. Zio 


7. Le 8. F [x], where F is a field. 9. F[x,y] , where F is a field. 


3.2 Divisibility 


Def. Divisibility in a Commutative Ring : Let R bea commutative ring and a,beR where a#0. 
We say that adivides b if there exists ceR such that b=ac.We then write a|b. If there is no 


such element in R then we say that a doesmot divide b and write a|b. 
e.g. (i) In the ring of integers (Z,+,"), 2|10 , since 3 aninteger5 suchthat 10=2.5. 


(ii) In the ring of even integers , 2/10 , since there is no even integer ‘c’ such that 10 =2.c 


(iii) In (Q,+4,.) , 2]7 since’ there exists =<Q such that 7=2.2. 


Results : 
1. Ina field, a non-zero element divides every element. 
2. Ina commutative ring R, we have 
(i) If alb, blc then alc 
(ii) yIf alb, alc then a|(b+c) 
(iii) If a|bthena|bx for all xeR 
(iv) If R is aring with unity ‘1’ then 1|x forall xeR. 
Def. Greatest Common Divisor : Let R be a commutative ring. An element d eR is said to be 


greatest common divisor of a,beR if (i) dla and d|b,and (ii)if ceR suchthat cla and 


c|b then c|d.We, then write d=(a,b) or g.c.d (a,b). 
Def. Least Common Multiple : Let R be a commutative ring. An element / € R is said to be 


greatest common divisor of a,beR if (i) all and b\/, and (ii) if ceR suchthat alc and 


b|c then /|c. We, then write 1/=(a,b) or Lc.m. (a,b). 


Remark: Any two elements in a commutative ring may or may not have a g.c.d. (l.c.m.) , they may 
have even more than one g.c.d. (I.c.m.). This is illustrated in the following examples . 

Example 1. In the ring of even integers 2Z , 4 and 6 have no commom divisor. Clearly only divisor 
of 4 is 2 as 2.2 =4, but 6 has no divisor. Therfore 4 and 6 have no commom divisor and)sono gcd. 
Example 2. In the ring of integers Z, 2 and —2 are g.c.d.of 4and 6. Furtherg12,and —12 are 


l.c.m. of 4 and 6. 
Example 3. Consider the ring (Z,,+,,x ) where Z, ={0, 1, 2, AQ4, 5, 6, 7}. 


87° 8 


We have, 6=2x,3 = 2|6 and 4=2x,2 em 2/4 


Also, if c]|6 and c|4,then c|(6—4) ie. c|2.So by definition, gcd(4,6)=2 


Again, we have 6=6~x, 1 => 6/6 | atid =4=6~, 6 => 6/4 
Also, if c]|6 and c|4,then as c|6, so bydefinition, gcd(4,6)=6. 

Hence there can be more than one gcd_of two same elements of a ring. 

Similarly , it can be checked that Icm| 3,6] =2 and 6. 


Remark : In the above example we have seen that two elements of a commutative ring may not have 

a g.c.d. or I.c.m. But existence of g.c.d. and l.c.m. is assured if the ring R is a principal ideal domain. 

Results : 

1. Let R be a PID, then any two elements a and b in R have a greatest common divisor. Further if d 
is g.c.d. of a and b then d=ma+nb for some mneR. 


Let R be a PID, then any two non-zero elements of R have a least common multiple. 


Exercise 3.2 


. In Z, show that 4|2. 
. In Z, show that 3|7. 


. In Z,, show that 9|12. 
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3.3 Prime Element, Irreducible Elements and Associativity 


Def. Associates : Let R be a CRU, the elements a,b <R are called associates in Rif a=ub for 
some unit u. 
Results : 
. The relation of associate in a ring R is an equivalence relation. 
. Let R be aring and aeR be any non zero element then associates of a and units of R are always 
factors of a. Some authors call them improper factors. 


. In Z every non zero element has two associates. 


. In Zi | every non zero element has four associates. 


. In an integral domain R the number of associates of a non zero element is equal to the number of 
units in R. 
Def. Irreducible element : Let R bea CRU. Anelement pe R is said to be irreducible element of 
Rif @G) p#0O and pisnotaunit (ii) For everysa,b in R if p=ab then either a or bis a unit. 
Roughly speaking, a non zero non unit element is an irreducible element if it can be factored only in a 
trivial way. 
Remark : Negation of the above definition ; A non-zero non-unit element p of a CRU R is not an 
irreducible element if there exist elements a,b eR such that p=ab and neither a is a unit nor Disa 
unit. 
Def. Prime Element : Let R be aCRU. Anelement p€R is said to be a prime element if 
(i) p#0 and pis not aunit / (ii) Forevery a,b inRif plab then plaorp|b. 
Remark : Negation.of the above definition : A non-zero non-unit element p of a CRU R is not a prime 
element if there exist elements a,b ¢ R such that p|ab but p|a and p|b. 
Results : 
. Let be an integral domain . If a, b are two non-zero elements of R, then a is associate of b iff a|b 
and.b|a. 
. In an integral domain R, any two gcd of same pair of elements of R are associates of each other. 
. PI 1 Result : In an integral domain R , every prime element is irreducible. However converse is 
not true. 


4. PI2 Result : In a PID, an element is irreducible iff it is prime. 


5. PIM Result : Let R be a PID which is not a field. An ideal A of R is maximal iff it is generated by 
an irreducible element of R. 


6. In Z, every prime number and its negative are both irreducible and prime element. 


Def. Norm in Z(ad ) : Let Z(ad J = {a +bVd :a,be Z , where d is not a perfect square, then we 


define the norm of an element x=a+bVd by N(x)=|a’-db’|. 
7. Properties of norm : 
(i) N(x)=0 iff x=0 
(ii) N(ay)=N(x)N(y) for all x,y eZ(Vd). 
(ii) x is a unit iff N(x)=1. 
(iv) If N(x) is a prime number then x is an irreducible element in Z(Vd ). 


8. Units of Z(VJ-2),Z(V-3),Z(V-5),Z(V-6), are only +1. 


9. Units of Z (V2), 3 :(V3).Z(V5) are infinite in number. 


10. Units of Z(i) are 1,—1,i,-i. 


Exercise 3.3 
. Find all associate classes in Z,9< 


. Show that 2 and 5 are irreducible elements in Z but they are not irreducible elements in Zi | : 
. Show that 3 is an irreducible element in both Z and Z[i] ‘ 
. Show that 1—i is an irreducible element in Zi | : 


. In z(J-3) , prove that 1+ ot is an irreducible element but not a prime element. 
v-5 , prove that 3 and 1+3/—5 are irreducible element but not a prime element. 
V5 , prove that 2 and 1+ V5 are irreducible but not prime element. 


n Z\v -6) , prove that 7 is an irreducible element or not. 
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3.4 Unique Factorization Domain 


Def. Unique Factorization Domain : An integral domain R is said to be a unique factorization 
domain if 

(i) Every non-zero non-unit element of R can be expressed as a product of finite number of 
irreducible elements of R, and 

(i) If ae R such that a=p,-p,--::p,, and a=q,-q,°:--g, are two factorizations ofa, where p,’s and 
q, Ss are irreducible elements in R then m=n and each p, is an associate,of some q;. In words, we 
can say that the factorization is unique upto order and associates. 

Results : 


. Z isa UFD. 


. P13 Result : Ina UFD, an element is prime element iff.itis;an irreducible element. 
: Z(J-1) and Z(J-2) are UFD. 

: Z(J-3),Z(V-5),z(V-6} are not UFD. 

. If R is a UFD then R[x] is also a UFD. 


. Every PID is a UFD. 


Exercise 3.4 


. In Z(J-5 ) factorise 21 and 46 into two different ways and hence conclude that Z(V-5 is not a 


UFD. 
. In Z(v -6) factorise 10 in two different ways and hence conclude that Z(v -6) is not a UFD. 


. Showthat Z(/5) is not a UFD. 


. Show that Z(v5 has atleast one non principal ideal. 


3.5 Euclidean Domain 


Def. Euclidean domain : Let R be an integral domain. Then R is said to be Euclidean Domain , if 
to every non — zero element a eR, we can assign a non-negative integer d (a) S.t. 

(i) Forall a,be R (a #0,b #0), d(ab)=d(a) 

(ii) For all a,b € R(b #0), there exists qandrinRs.t.a=bq+r where either r=0 or 


d(r)<d(b) 


Note: d(a) is called d- value of ‘a’, d(a) is not defined for a=0. Second part of the definition 


called division algorithm. 
Results : 
. The ring of integers Z is an ED. 
. Every field is an ED. 
. The field Q of rational numbers with d(a)=0 for alka#0eQ is aED. However , Q with 


d(a)= la| for all a#0€Q is notaED. 
. The ring of Gaussian integers Z[i]={at+ib : a,b©Z} is anED with d(a+ib)=a’* +b’. 
. Every ED is a PID. 
. Let Rbe an ED anda, bbe two non — zero elements of R , then 
(i) If bisaunit inR, then d(ab) =d(a) 
(ii) If b isnot aunit inR, then d(ab) >d(a). 
7. Anelement ‘a’ in anED is a unit iff d(a)=d (1). 
8. If F isa field , then F |x] is an ED. 
9. Ris an integral domain iff R [x] is an integral domain. 


10. Field > ED => PID > UFD => ID >CRU 

11/Contrapositive : Not CRU => Not ID > Not UFD = Not PID => Not ED => Not Field. 

12. Let R be a E.D. and F be the quotient field of R. If K is a subring of R such that RC K CF then 
KisaE.D. 

Property Transfer Results : 

PTR1:IfR isa CRU then R[x] is also a CRU. 


PTR2:If£R isan integral domain then R[x] is also an integral domain. 


PTR3:IfR isa UFD then R[x] is also a UFD. 


J.R. 
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PTR4: 


PTRS: 


PTR6: 


PTR7: 


PTR8: 


PTR9: 


PTR10 


PTRII1 


PTRI12: 


PTRI13: 


PTR14 


If R isa PID then R[x] may or may not be a PID. 
IfR isaED then R [x] may or may not be an ED. 


If R isa field then R [x] is not a field. 


If R isa field then R[x] is an ED with d(f (x))=degree( f (x)). 


If R isa CRU then R[x, y| is also a CRU. 


If R is an integral domain then R[x, y| is also an integral domain. 


: If R is a UFD then R[x, y] is also a UFD. 


:IfR isa PID then R[x, y] is not a PID. 


If R isan ED then R[x, y] is not an ED. 


If R isa field then R[x, y| is not a field. 


: If R isa field then R[x, y| is a UFD but not a PID. 


Table 


Structure E.D. 


Z Y 


Q Y 


R 
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The polynomial ring F [x] over a field Fis a 


1. E.D. 2. U.F.D. 
3. PLD. 4. All of the above 


. Which of the following statement is true about 
S= Z[x] ? 

1. Sis anE.D. 

2. SisaP.I.D. 

3. SisaU.F.D. 

4. Sis not an integral domain. 


. Let f(x) ¢Q|x], define 
1 


1={r(s)e fs]: s(5}=0}. then 


1. Jis not an ideal but subring of Q[ | : 


2. Tis an ideal but not principal ideal. 
3. Tis principal ideal but not maximal ideal. 
4. I is principal as well as maximal ideal. 


The number of associates of 2+ 37 in the 
Euclidean domain of Guassian integets is 
1. 1 2. 2 
a, 4. 4 


. Which of the following is true ? 
1. UFD=> ED=> PID 
2. PID=> ED>UFD 
3. ED => PID>UFD 
4. PID>UFD=> ED 


. Which one of thefollowing is true ? 
. Every PID is a Euclidean domain. 
. Every UFD is a Euclidean domain. 


. Forany field F, F [x] is a Euclidean 


domain. 
. None 


. Which of the following rings is a PID ? 
1. Q[x, y]/(x) 

2. ZOZ 

a: Z[x| 


8. 


pa 


4. M,(Z), the ring of 2x2 matrices with 


entries in Z 
(CSIR NET June 2013) 


Let R be a Euclidean domain such that R is not 


a field. Then the polynomial ring R [xX | iS 


always 

1. a Euclidean domain. 

2. a principal ideal domain, but nota 
Euclidean domain. 

3. a unique factorization domain, but not a 
principal ideal domain. 

4. not a unique factorization domain. 

(CSIR NET Dec 2015) 


Let R'be asubring of Q containing 1. Then 
which of the following is necessarily true ? 
1. Ris a principal ideal domain (PID) 
2. Rcontains infinitely many prime ideals 
3. R contains a prime ideal which is not a 
maximal ideal 
4. for every maximal ideal m in R, the 
residue field R/m is finite 
(CSIR NET Dec 2017) 


. Which of the following is/are correct ? 


1. 3 is prime element in Z(J-5 
2. 1+ (5 and 1— V-5 both are not prime 


element in Z(J-5 


. Every irreducible element in Z(J-5 


need not be prime element. 
. The gcd of 6 and 2(1+V-5) does not 


exists in z(V-5) : 
Which of the following is NOT true ? 
1. Z| x] isa UFD 


2. Any two irreducibles in a UFD are 
associates. 


. If Dis a PID, then D[x] is a PID. 


4. A UFD is without zero divisors. 


. Which of the following integral domains are 
Euclidean domains ? 


1. Z| V-3 |={a+by-3 :a,be z\ 


2. Z[x] 


3. eee H{F-Saw e R[x]: a0] 


i=0 


Z| x] ; 
4. [y] where x, y are independent 
(2.x) 
variables and (2, x) is the ideal generated 
by 2 and x. 
(CSIR NET Dec 2011) 


. Consider the ring 
R= Z| V-5 |={a+bV-5 :a,b €Z} and the 


element a=3+/-5 of R. Then 

1. @ is prime 

2. a@ is irreducible 

3. Ris not a unique factorization domain 


4. Ris not an integral domain 
(CSIR NET Dec 2012) 


. Let R be the ring obtained by taking the 
quotient of (Z/6Z)| X ] by the principaljideal 


(2X+4). Then 
1. R has infinitely many elements. 
2. Risa field. 
3. Sisaunit in R. 
4. 4isaunit inR. 
(CSIR NET Dec 2013) 


. Let R be the ring of all entire functions, i.e. R 
is the ring of functions f :C—C that are 
analytiqat every point of C, with respect to 
pointwisesaddition and multiplication. Then 
1), The units in R are precisely the 
nowhere vanishing entire functions, i.e. 
f:C>C st.f is entire and f(a)#0 


for all a EC. 

2. The irreducible elements of R are, up to 
multiplication by a unit, linear 
polynomials of the form z—a@, where 
aeéC,ie., if f €R is irreducible, then 


f (z)=(z-a) 8 (z) for all ze C, where g 


isaunitinRandaeC. 


3. Ris an integral domain. 
4. Ris a unique factorization domain. 
(CSIR NET June 2014) 


Let R be a commutative ring with unity, such 

that RX ] is a UFD. Denote the ideal (X) of 

R[X | by J. Pick each correct statement from 

below : 

1. Jis prime. 

2. If 7is maximal, then R[X | is.a PID. 

3. If R[X | is a Euclidean domain, then / is 
maximal. 

. If R[X | is a PID, then it is a Euclidean 


domain. 
(CSIR NET June 2016) 


. Which ofthe following statements are true ? 


1. Z[x] is aprincipal ideal domain. 
2. AL x, y]/ (y + 1) is a unique factorization 
domain. 

. IfR is a principal ideal domain and p 
is a non-zero prime ideal, then R/ p 
has finitely many prime ideals. 

. If R is a principal ideal domain, then any 
subgring of R containing | is again a 
principal ideal domain. 

(CSIR NET Dec 2016) 


Let F, be the finite field of order 2. Then 


which of the following statements are true ? 
1. F,[x] has only finitely many irreducible 


elements. 
F,[x] has exactly one irreducible 


polynomial of degree 2. 


F(x] / (x? +1) is a finite dimensional 


vector space over Ir, . 


. Any irreducible polynomial in F,[x] of 
degree 5 has distinct roots in any 
algebraic closure of F,. 

(CSIR NET Dec 2016) 


. Which of the following rings are principal 


ideal domains (PID) ? 
di Q[x] 2 Z [x] 
3. (Z/6Z)|x] 4. (Z/7Z)|{x] 
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(CSIR NET June 2017) Assignment Key 
11. Which of the following rings are principal 


ideal domains (PIDs) ? SCQ 
. Z[X]/(X? +1) 


X,Y]/(X?+LY) 


(CSIR NET Dec 2017) 
. Which of the following statements are true ? 


SO} 20) AY AD] WY BP WLM 
my} oo] }oo} oof} BR] aA} oO] 


1. A subring of an integral domain is an 


integral domain 


2. A subring of a unique factorization 
MCQ 
domain (UFD) is UFD 


2,3,4 
2,3 

3,4 

22 

1,3 
12,3 
1,2,3,4 
2s 
2,3,4 
10. 1,4 


11. 1,4 
1. can belong to Z 12. 1 or None 


3. A subring of a principal ideal domain 


(PID) is a PID 


4. A subring of an Euclidean domain is an 


Euclidean domain 


(CSIR NET June 2018) 


SO] 20) ED) MY BE) Np 


13. Let f(x) ¢Z|x] be a monic polynomial. 


Then the roots of f 


2. always belong to (R\Q)UZ 13. 1,3 


3. always belong tol(€\Q)UZ 
4. can belong to (Q\Z) 


(CSIR NET June 2018) 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 73 


4.1 Primitive Roots 


th 


Def . Primitive n” root of unity : A number @ (real or complex ) is said to be primitive n” root of 


unity if @”=1 but a‘ #1 for k=1, 2, 


Results : 


2mni 


1. (i) The ‘n’ n roots of unity are givenby z=e ” , m=0,1,2,....,.n—1. 


ani Ani (nl) 
i.e, z=le",e", 


201 


If we put e ” =a, then z =1a,a’,a°, 


(ii) n" roots of —1 are given by z=e 


2mni 


. The primitive roots of unity are given by z=e ” , where gcd(m,n)=1. 
. If @ is the n™ primitive root of unity then 1+a+ a+ 

. The number of n™ primitive roots of unity is $(7): 

. The number of n" primitive roots of Sis (27). 


Def. n'" cyclotomic polynomial : Let be the positive integer and Oy ,A>, 


polynomial. 


6. The polynomialyg, (x) is the minimal polynomial of primitive n roots of unity over Q. 
7. deg(g,,(x))=¢(n). 


8./The cyclotomic polynomial g,, (x) can be calculated using the formula x” —1= I] 84 (x) : 
din 


9. Cyclotomic polynomial is always irreducible over Q. 


10. If n is a odd positive integer then g,,(x)=g,,(-x). 


11. If n is an even positive integer then g,, (x) =, (x7) : 


The cyclotomic polynomials g,,(x) upto n=15. 


xia tx? txt] 


x’ —x4+1 


6 =) 


X +X : 


txt 44x? 4x4 


+] 


ee 


xix 4x7 -x41 


on Pa Bay 4 4 Pr agt se Payee xsl 


ae we 


tg lO be Pa fa ot ett? 


+x°+¢x41 


6 


Xx ~~ 4x1 G3 


+x¥—x+1 


P) 3 


0° — x fee — Kx xt] 


Table of roots and primitive roots of unity 


Equations 


Roots 


Primitive Roots 


l/-1 


1,@,@7 


1,-Li,-i 


2ni 


> at where a =e 5 


La,a’,a 


yal 


1,-lLa,a’,a*,a> where a=e3 


2ni 
> at,a>,a® where a=e7 


La,a’,a aa 


Ti 


3-a°,a' where a=e4 


1,-l,i,-i,a,a~,a 
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2ni 


La,a’,a’,a*t,a°’,a°,a’,a® where a =e 9 


2ni 


La,a’,a’,a‘*,a?,a®,a’,a®,a? where a =e !0 


Exercise 4.1 
1. Solve the equations : (i) x +1=0 (ii) x* +1=0 


2. Construct the cyclotomic polynomial gj9(x) and g9(x). 


4.2 Field Extensions 
Def . Field Extension : A field K is said to a field extension of a‘field F if F is a subfield of K or F is 
isomorphic to a subfield of K. 


e.g., C/R,C/Q,R/Q are field extension. 


Remark: K /F isa field extension but not a quotient ring. 
Def . Degree of an field extension : Let K /F be afield extension, then K is a vector space over F 


and therefore it must have a dimension. The dimension of K over F is called degree of K over F and it 


is denoted by [K : F| 


Results : (i) [C:C]=1 (i) [R:R]=1 (ii) [C:R]=2 


(iv) [R:Q]= (v) [C:Q]=c (vi) [Q:Q]=1 


Def . Finite Extension : The extension K / F is said to be finite if its degree is finite. 


Def . Infinite Extension : The extension K / F is said to be infinite if its degree is infinite. 

Def . Algebraic Element: Let K / F be any field extension. An element a € K is said to be algebraic 
over F if ‘a’ satisfies some polynomial over F. 

Def.“ Algebraic Extension : An extension K / F is said to be algebraic extension if every element of 
K is algebraic over F. 

Def . Non—Algebraic Extension : An extension K / F is said to be non—algebraic if there is atleast 
one element in K which is not algebraic over F. 


Def . Minimal Polynomial of an element : Let K / F be any extension and ae K be any algebraic 


element. A polynomial m(x) eF [x] is said to be ‘minimal polynomial’ of a over F if 


(i) m(x) is monic (ii) m(a)=0 (iii) m(.x) is irreducible over F. 
Le; m(x) is lowest degree monic polynomial which is satisfied by ‘a’. 


Results : 


1. Degree of minimal polynomial of any real number over R is | and any non-real complex number is 2. 


2. The minimal polynomial of n” primitive root of unity over Q is g, (x) ; 


Element Minimal Polynomial 


x*-10x" +1 


x° —3x4 +3643 


xl? 4.3x8 — ge? poet 2x7 45 2 
x —2axt 1423 , 


where 


x? 4.348 — 44° 434441247 45 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 77 


12 +93 


x- 2-93 


2 +4/4 


x —6x-6 


V-3+ 2 


x? 42x? 425 


x $9 45 


yV3-2 


does not exist 


does not exist 


gi(x)=x-1 


8o(x)=x+1 


g3(x)=x°+x41 


g4(x)=x7 +1 


3 


g5(x)=x° +x tx tx4] 


87 (x) =a tt tx? tx 41 


B19 (x)=x8 x 4x7 x41 


Based 


3 


By (x)Hax +x? +x 


xo 4 P4xtix 


be” eed 


819 (x)=x°-x° +1 


Results : 
. Every finite extension is algebraic but converse may not be true. 
. Finite extension of finite extension is finite. 


. Let K/E and E/F are two finite extension then K /F is also a finite extension and 


[K:F]=[K:E][E: F]. Further if {x,,x,,....,x,,} is a basis of K over E and {y,,y,,....,y,} isa 


om 
basis of E over F then {UL VisA Vow ea Need Mapas eR Vee} is a basis of 


K over F. 
. Algebraic extension of algebraic extension is algebraic. 


. Let K/F be any extension. Suppose a and b are two algebraic element of K over F, then 


a+b, a—b, ab, ab" (b # 0) are also algebraic over F. 
Def. The smallest field containing F and ais denoted by F (a) . Similarly the smallest field 


containing F and a,,d),.....a, is denoted by F(a,,a,, 


n 


6. Q(/p)= {a+b p:a,beQ} 
7. Q(i)={a+ib:a,beQ} 


8. Single element result : Let K /F be any extension and ae K be any algebraic element then 


(i) [F (a) : F| = degree of minimal polynomial ofa over F. 


(vi) | OVP Pash Pn 91d Ia» Adn ): O( YP Parr P ala la, \|-2"7-3 


where O< r<n,O<s<m 


Remarks : 


(i) The above six results are also true if some or all commas are replaced by plus (+) or minus (—). 


(ii) i and @ behave as Jp because they are of degree 2. 
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2 14 


pri 
10. If pandgq(# 0) are any integers then e “ ,sin (=) andcos (2) are algebraic over Q. 
q q 


11. sinm’andcosm’ are algebraic over Q where me Q. 


Exercise 4.2 
1. Prove that Q(V2,V3 }=@(V2 +3). 
2. Show that Q(V/2,V3)=Q(V2,V6)=0(V3.V6) =Q(V2+V3)=0(V2+V6)20(¥3 +¥6) 
= Q(V2.3,V6)={a+bv2 +cV3+dV6 :a,b,c,d Qh. 
. Show that Q(¥/2, 4/2, ¥2)=Q(%2). 
. If pand p, are distinct primes then prove that Q(/7,../p2 )=O(q/p, + VP. | 
. Find the following degrees and corresponding basis ovef Q@ : 
(i) Q(v2) (i) Q(v2 +3) (iii) Q(i) 
(iv) Q(o) (v) Q(I+é) (vi) Q(3/2) 


dni 
7 


(vii) Q(4/2) (viii) Q(a) wherea =e 


6. Find the following degrees and‘corresponding basis over R_ : 
(i) (i) R(V2+¥3) 


(iv) R(@) (v) R(i+i) 


dai 
7 


(vii) (vili) R (a) wherea =e 


7. Evaluate the following degrees and the corresponding basis : 


(®) Q(v2;V3) over Q(V2) (ii) Q(V2,0) over Q(a) 

(i O(A2, 0) over Q(v2) (iv) Q(V2,i) over Q(i) 

(v) Q(V2,1) over Q(v2) (vi) Q(3/2,) over Q(o) 
(vii) Q(V2 +3) over Q(v2} (viii) Q( V2 +o) over Q(V2) 
(ix) Q(V2 +42) over Q(v2) 


8. Evaluate the following degrees and the corresponding basis : 


(i) Q(V2,V3) over Q (ii) Q(v2, o) over Q (iii) Q(v2, o) over Q 
(iv) Q(v2.i) over Q (v) Q(V2.i) over Q (vi) Q(¥2, o) over Q 
(vil) Q(V2 +3) over Q (Vili) Q(V2 +0) over Q (ix) Q(V2 +42) over Q 


Answers 
. (i) degree =2 ; basis = {1,V2} (ii) degree =4 ; basis Pe 14/3, 3,/2 VB} 


(iii) degree =2 ; basis = {1,i} (iv) degree =2 ; basis ={1}a 


(v) degree =2 ; basis = {1,i} (vi) degree =3 ; basis “| 23 a 


(vii) degree =5 ; basis “fiz 25 45 08 a (viii) degree =6 ; basis ={La,a7,a°,a4,a°} 


. (i) degree =1 ; basis = {1 (iijpdegree =1 ; basis = {1} 
(iii) degree =2 ; basis = {1,i} (iv) degree =2 ; basis = {Lo} 
(v) degree =2 ; basis = {1,i} (vi) degree =1 ; basis = {1} 
(vii) degree =1 ; basis = {1} (viii) degree =2 ; basis ={La} 

. (i) degree =2 ; basis = {1,3} (ii) degree = 2 ; basis = {1,2} 


(iii) degree =2 ; basis )= {1,@} (iv) degree =2 ; basis = {1,2} 
1 2 

(v) degree =2 ; basis = {1,7} (vi) degree =3 ; basis =41,23,23 

(vii) degree =2 ; basis = {1,3} (viii) degree = 2 ; basis = {l,a} 


i 29 
(ix) degree =3 ; basis = pa 
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4.3 Splitting field and Multiple roots 


Def. Splitting Field : Let f (x) eF [x] be any polynomial where F is a field. The splitting field of 

f (x) over F is the smallest extension of F which contains all the roots of f (x). 

Results : 

1. Kronecker’s Theorem : Let F be a field and f (x) anon constant polynomial F [x] . Thenthere 
is an extension field E of F in which f (x) has a zero (roots). 


. Let Fbe a field and let p(x) Fx] be irreducible over F. If ‘a’ is a zeroof p(x) in some 


extension EF of F then F (a) is isomorphic to Furthermore, if 


F\x|, P 
(P(x)) 
deg p(x)=n, then every member of F(a) can be uniquely expressed in the form 


n-l n-2 
C40 “Pe,20° toe; 


. Splitting Fields are unique i.e, isomorphic. 


. Criterion for multiple zeros: A polynomial f (x) over a field F has a multiple zero in some 


extension E iff f(x) and f '(x) havea.common factor of positive degree in F[x]i.e., 


gcd( f ( ). f'(x)) is of positive degree. 


. Working Rule to find the splitting field over Q : 


(i) Find out the roots of the given polynomial. 


(ii) Adjoin all the roots with Q. 
(ii1) Simplify to obtain splitting field. 


Exercise 4.3 
1. Find the/splitting field, its degree and basis for the polynomial over Q: 
(i) x*4+1 (ii) x°+1 (iii) x —1 
(iv) x —3x°+27-3 (Wy) x 4x41 (vi) x +2 
(vii) x* —3 (viii) x* —2 Gx) x =5x° +6 


2. Show that x*+x+1 over Z, does not have any multiple zeros in any field extension of Z,. 


3. Show that x7! +2x°+1 does not have multiple zeros in any extension of Z;3. 


4. Show that x7! +2x? +1 has multiple zeros in some extension of Z3. 


Answers 


1. @ Q(v2.i) : degree =4 ; basis = {1LV2,i,V2i} 
(ii) Q(v3..) : degree =4 ; basis = {1,V3,i,v3i} 


2ni 


(iii) Q a), where a=e > ; degree =4 ; basis ={La,a7,0°} 


( 
(iv) Q(v3,i ) ; degree =4 ; basis = {1,V3,i,v3i} 
(v) Q(v3:) ; degree =2 ; basis ={L, V3 i} 


fs. BO3 t 2 4 
(vi) Q| 24,7] ; degree =8 ; basis =41,24,24,24, 1,24 924%) 27 


129 ie 93 
(vii) Q| 34,7 | ; degree =8 ; basis =41,34,34,3%, 1,37 1,371,347 


i, 1225 Thy SH: 1 
(viii) Q| 24,i| ; degree =8 ; basi@el 24 24,24, i,241,24i,24i 


(ix) (V2.3) ; degree =4 ; basis = {1,V2,V3, v2 v3} 


4.4 Finite Fields 


Results : 
1. Fis finite iff F* is cyclic where F* =F —{0}.OR F is infinite iff F” is non cyclic. 


2. Q ,R%C° are always abelian group w.r.t. multiplication but not cyclic as Q,RandC are field of 
infinite order. 

Z Z, is a cyclic group with respect to x,,, where p is a prime number. 

4. Characteristic of a integral domain is either zero or a prime number. 

Def. Prime Field : A field having no proper subfield is called a prime field. In other words we can say 

that a field F is said to be a prime field if F is the only subfield of F. 


5. Upto isomorphism there are only two prime fields namely Q and Z,. 
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[ R: R]=1 and [Cc R]=2, so there are no field between RandC. 


[ R: Q]=00 and [Q : Q]=1 , So there are infinite many fields between QandR. 


The number of subfields of a field of order p” is t (n) i.e, number of divisors of n. 
. Let Fbea field with O(F ) = p” then it has a unique subfield of order p” iff m divides ni 


10. Let K be a field of order p” and F be its subfield of order p”, where m divides n, then K/7/F is a 


finite (and hence algebraic) extension and [K iF |=—. 
m 


Exercise 4.4 
. The number of subfields of a field of order 97” is 
(a) 98 (b) 97 (c) 2 (d) 99 
. Which of the following number can be order of a subfield of a field of order 81 
(a) | (b) 3 (c) 9 (d) 27 
. The number of subfields of a field of order 43 is 
(a) 9 (b) 12 (c) 10 (d) None of these 
. Let F be a field of order 16 and d,,d,,d, denotes the number of elements of multiplicative order 
3, 5, 15 respectively, then which of the following is/ are 
(a) d,<d,<d, (b) d,<2d,=d, (c) d,-d,=d, (d) d,+d,+d,<14 
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. Degree of (V2.3) over Q , where Q is 


the field of rational number is 
1. 4 2. 3 
3. 1 4.2 


. Let J denote the ideal generated by 
ra 
F =Z,[x]/I. Then, 


1. Fis an infinite field. 

2. Fisa finite field of 4 elements. 
3. Fisa finite field of 8 elements. 
4. F isa finite field of 16 elements. 


. The no. of subfields of a field of order 97” 


+x°+x+1 in Z,[x] and 


is 
(a) 98 (b) 97 
(c) 2 (d) 99 


. The number of subfields of a field of order 


43'" is 

(a) 9 (b) 12 

(c) 10 (d) 15 

. Which of the following polynomial have 
multiple roots in some.é€xtension of the 


respective field. 


(a) xi+x'+beZ [x] 
(b) x7! +28x° 4 Ve Z,[ x] 
(c) x +xt1eZ,[x] 


(d) x? +2&+2€Z,|x] 


. The degree of the extension Q(v2 +22) over 


the field Q(v2) is 
11 2.2 


ae 3 4. 6 
(CSIR NET June 2011) 


. For which of the following primes p, does the 


polynomial x*+x+6 have a root of 
multiplicity >1 over a field of characteristic 


2. P=3 
4. p=7 
(CSIR NET Dec 2011) 


. Let F bea field of 8 elements and 


A={xeF |x" =1 and x'#1 for all natural 


numbers k<7}. Thenthe number of elements 
in A is 
1. 1 2. 2 3.3 4. 6 

(CSIR NET June 2012) 


. Let @ be acomplex number such that 


@ =land@#1. Suppose L is the field 
Q (2 ; 0) generated by 3/2 and @ over the 
field’Q of rational numbers. Then the number 


of subfields K of Ls.t. QC K CL 1s 


1. 2 2. 3 3. 4 4.5 
(CSIR NET Dec 2012) 


.Let F <C be the splitting field of 


x’ —2overQ, and z=e?”” 


root of unity. 
Let [F :Q(z)]=aand| F : 4/2 |=» . Then 
1. a=b=7 2. a=b=6 
3. a>b 4.a<b 
(CSIR NET June 2013) 


a primitive seventh 


. Find the degree of the field extension 


Q(v2, {2,42 over 


1. 4 2. 8 3. 14 4. 32 
(CSIR NET Dec 2014) 


. The number of subfields of a field of 


cardinality 2'” is 
Pe 2. 4 
3. 9 4. 100 
(CSIR NET June 2015) 


. Which of the following number can be order 
of a subfield of a field of order 81 

(a) 1 (b) 3 

(c) 9 (d) 27 

Let F be a field of order 16 and d,,d,,d, 


denotes the number of elements of 
multiplicative order 3, 5, 15 respectively, then 


which of the following is/ are 
(a) d,<d,<d, (b) d,<2d,=d, 
(c) d,-d,=d, (d) d,+d,+d,<14 


. Which of the following is true ? 
1. sin7° is algebraic over Q. 


De cos is a algebraic over Q. 


3. sin’'l is algebraic over Q. 
A PR alge is algebraic over Q(z). 
(CSIR NET June 2012) 
. Let F=F,[x]/(x° +2x-1), where F,_is the 
field with 3 elements. Which of thefollowmg 
statements are true ? 
. Fis field with 27 elements 
. Fis a separable but not a normal 
extension of F, 
. The automorphism group of F is cyclic 
. The automorphism groupof F is 
abelian but.not cyclic 
(CSIR NET June 2013) 
. Let F and F' be two finite fields of order g 
and qg'respectively. Then : 
1./ F' contains a subfield isomorphic to F 
ifand only if g<q'. 
F' contains a subfield isomorphic to F 
if and only if g divides q'. 
If the g.c.d of g and q' is not 1, then 
both are isomorphic to subfields of 
some finite field L. 
Both F and F' are quotient rings of the 
ring Z[X |. 
(CSIR NET Dec 2013) 


6. Which of the following is/are true ? 


1. Given any positive integer n, there 
exists a field extension of Q of degree n. 
. Given a positive integer n, there exist 
fields F and Ks.t. F CK and Kis 
Galois over F with [K:F]=n. 
. Let K be a Galois extension of Q with 


[K : Q]=4 . Then there is a field L s.t. 
KD2L>D Q[L:Q]=2 and Lis a Galois 


extension of Q. 


. There is an algebraic extension Kof Q 
such that [K : Q| is not finite, 
(CSIR NET Dec 2014) 


. Let @ = 00s OI) Let K =Q(o’) 
10 10 


and let L = Q(@). Then 

1. [L:Q]=10 23: [Tek] =2 

ar [K:Q]=4 4. L=K 
(CSIR NET Dec 2015) 


. Which of the following statements are true ? 


1. The multiplicative group of a finite field 

is always cyclic 

. The additive group of a finite field is 
always cyclic 

. There exists a finite field of any given 
order 

. There exists at most one finite field 
(upto isomorphism) of any given order 


(CSIR NET June 2018) 
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